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Ltil NOIDAU 


Dong lute hoc cong trinh la phan chuyen di cua Ccf hoc cong trinh nghien 
ctiu cac phiictng phap tinh toan cong trinh chiu cac tac dung dong. Trong thitc te, 
ta thitdng phai giai quyet cac bai toan ve Dong Itfc hoc cong trinh nhit: Cac cong 
trinh nha cong nghiep chiu tai trong dong; cac cong trinh nha cao tang, cac cong 
trinh cau... chiu tac dung dong cua gio bao va dong dat; cac cong trinh cau chiu 
tai trong dong di dong, cac cong trinh thuy chiu tac dung dong cua song bien... 

Tai lieu nay se trinh bay cac noi dung rat c.<J ban cua U thuyet dao dong cong 
trinh: Dao dong he mot bac tit do; Dao dong he hitu han bac tit do; Dao dong he 
vo han bac tit do; Tren ccf sd do co the van dung di giai quyet cac bai toan dong 
litc hoc cong trinh trong thitc te vdi cac he ket cau khac nhau: Dam, khung, 
dan... chiu cac tac dung dong khac nhau; Tai lieu cung de cap den bai toan dao 
dong cua ket cau khung cao tang chiu tac dung dong dat. O tai lieu nay, chu yeu 
giai quyet cac noi dung trong pham vi cua li thuyet dao dong tuyen tinh; vdi bai 
toan dao dong phi tuyen nidi chi de cap den bai toan dao dong dan deo he mot 
bac tit do. 

Tai lieu diidc bien soan nham phuc vu cho cac ddi titdng dao tao bac dai hoc 
nganh xay dytng cong trinh, dong thdi day cung la tai lieu tham khao cho cac 
can bo ky thuat va cac hoc vien cao hoc nganh cong trinh co lien quan. 

Tuy co rat nhieu co'gang trong bien soan, nhitng kho tranh khoi nhitng thieu 
sot, cac tac gia rat mong nhan diidc sit gop y cua ban doc. 

Tac gia chan thanh cam dn Nha xuat ban Xay ditng, cac dong nghiep da giup 
dd de cuon sack sdm ra mat ban doc. 

Cac tac gia 
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M 6 DAU 


§1. NHIEM VI) CO BAN CUA BAI TO AN D0NG LUC HOC CONG TRINH 

6 phan tmh hoc cong trinh cua giao trinh Co hoc ket cau, ta da nghien cun cac 
phucrng phap tmh toan cdng trinh chiu tac dung cua tai trong tmh. Trong thuc te, phan 
ldn cac cong trinh xay dung deu chiu tac dung cua tai trong dong. 

Khai niem ve dong luc hoc la khai niem gin lien vdi khai niem v6 luc thay doi theo 
thofi gian; nghien curu dong lire hoc cong trinh la nghien cun cong trinh chiu tac dung 
cua tai trong thay doi theo thdi gian. 

Nhiem vu co ban cua bai toan dong luc hoc cong trinh la xac dinh chuyen vi va noi 
lire trong ket ca'u edng trinh khi cong trinh chiu tac dung cua tai trong thay doi theo thdi 
gian: Tren co sd do, se xac dinh duoc cac bien dang va ling suat cue dai d6 tmh toan kiem 
tra cac cong trinh thuc, dong thcri lua chon duoc klch thude ket cau hop If dam bao bien 
dang va ung suat nho de thiet ke cac cong trinh mdi, tranh cac hien tuong edng hudng. 

Dudi tac dung dong cua tai trong thay doi theo thdi gian, he se dao dong va dao dong 
do duoc bieu thi dudi dang chuyen vj cua ket cau. Do do khi phan tich va giai quyet bai 
toan dong luc hoc cong trinh se cho phep xac d|nh duoc su thay doi cua chuyen vj theo 
thdi gian tucrng ufng vdi qua trinh thay doi cua tai trong dong. Cac tham sd khac nhu noi 
lire, ung suat, bien dang,... noi chung deu duoc xac dinh sau khi co su phan bo chuyen vi 
cua he. Tat ca cac tham so' do deu la cac ham thay doi theo bien thdi gian phu hop vdi 
tac dung dong ben ngoai. Tuy nhien, ddi khi viec giai quyei bai toan dong luc hoc cong 
trinh con duoc tien hanh bang viec dua vao cac he so dong. Khi do, noi luc chuydn vi va 
moi tham sd cua he deu duoc tmh toan thong qua he so' dong vdi cac ket qua tinh toan 
tTnh. Tat ca cac dai luong do deu la cac gia tri cue dai umg vdi mot thdi diem xac dinh, 
khong phai la cac ham theo bien thdi gian. 

§2. CAC DAC DIEM CO BAN CUA BAI TOAN DONG LUC HOC CONG TRINH 

Viec tinh toan dong lire hoc cong trinh khac vdi viec tinh toan tinh hoc cong trinh a 
nhung dac diem co ban dudi day. 

Trudc het, dudi tac dung cua tai trong dong thay doi theo thdi gian, trang thai irng 
suat bien dang cua he cung se bien ddi theo thdi gian. Nhu vay, bai toan dong se khong 
co nghiem duy nhat nhu bai toan tTnh. Do do, can phai tim su lien tuc cua nghiem tuong 
ung vdi moi thdi diem thdi gian bidu thi trang thai thuc cua he. Cltinh vi the ma viec tinh 
toan dong phurc tap va kho khan hon nhieu so vdi viec tinh toan tinh. 
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Mat khac, dac diem co ban cua bai toan dong duqc phan biet ro so voi bai toan tlnh 0 
ch6: 6 bai toan tlnh, duoi tac dung cua tai trong tlnh la tai trong tac dung cham len cong 
trinh, sir chuyen dong cua he la cham va luc quan tinh rat nho co the bo qua duqc. 6 bai 
toan dong, tac dung cua tai trong dong len cong trinh g&y ra su chuyen dong cua he voi 
gia toe Ion, va luc quan tinh phu thuoc vao gia toe chuyen dong (dao ham b^c hai cua 
chuyen vi theo thefi gian) la khong the bo qua duqc. Su can thiet phai ke den luc quan 
tinh la su khac biet co ban nhat cua bai toan dong luc hoc vdi bai toan tinh hoc. 

Ngoai ra viec xet den anh huong ciia luc can cung la mot dac didm co ban phan biet 
bai toan dong voi bai toan tinh. Ban chat cua luc can chuydn dong (luc tat dan) rat phuc 
tap va da dang. Vi vay, viec tinh luc can phiic tap hon so voi tinh luc quan tinh. Trong 
tinh toan, doi khi khong xet den anh huong cua luc can, doi khi luc can duqc tinh mot 
each gan dung voi nhtrng gia thiet phu hop. Nhung phai luon thay rang luc can luon luon 
co mat va tham gia vao qua trinh chuyen dong cua he. 

§3. CAC DANG TAI TRONG DONG TAC DUNG LEN CONG TRINH 

Bat ki mot k£t cau xay dung nao trong qua trinh sir dung deu phai chiu tac dung ciia 
tai trong dong b dang nay hay dang khac. Tai trong dong la tai trong bat ki co do lbn, 
phuong, vi tri thay doi theo thbi gian. Tai trong d6ng tac dung len cong trinh r&'t da dang 
va phde tap. Theo cac dac trung cua no, tai trong dong vbi mot quy luat bat ki nao do 
duqc phan ra la tai trong co chu ki va tai trong kh6ng co chu ki. 

1. Cac tai trong co chu ki 

Tai trong co chu ki la tai trong lap di lap lai theo thdi gian qua cac chu ki. Chu ki cua 
tai trong co the: la lien tuc ma cung co the la gian doan. Neu tai trong tac dung co quy 
luat hinh sin hoac cos voi chu ki lien tuc thi goi la tai trong dieu hoa don gian, hay tai 
trong rung dong (hinh M.la). Tai trong nay phat sinh khi dong co mo to co phan quay 
khong can bang vi khoi luqng dat lech tarn (hinh M.lb). Mo to dat tren he se sinh ra luc 
quan tinh li tarn: 

P = Mr 2 p (M-l) 

Trong do: 

M - khoi luqng phan quay; 
p - do lech tarn; 
r - Vein toe goc cua mo to. 

l = ’ (1/S) (M ' 2) 
n - so vong quay trong 1 phut. 
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Hinh M.l 


Luc li tarn se gay ra tai trpng dong tac dung len he theo phuottg dung va phuong 
ngang. Tai trpng dong tac dung len he theo phuong dumg se la: 

P(t) = P.sin rt (M-3) 

Cac dang khac cua tai trpng co chu ki thucmg phuc tap han. Su phuc tap bi6u hien a 
quy luat lhay doi cua tai trpng trong m6i chu trinh (hinh M.2a). VI du nhu ap luc thuy 
dong hoc do su quay cua canh quat tau thuy (hinh M.2b). 



Hinh M.2 

2 . Tai trpng khong co chu ki 

Tai trpng khong co chu ki co the la cac loai tai trpng ngSn han va cac tai trpng dai 
han dang tong quat: 

- Tai tronf> ngdn han: Nguon kich dong dac trung cua tai trpng ngiin han la cac vu n6. 
Mot so dang tai trong ngiin han cho d hinh M.3. Cac dang tai trpng hinh M.3a, 
(M-3b) la dang rat dac trung va thuong gap trong tmh toan cac cong trinh quan su. 



a) b ) c) d) 


Hinh M3 
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6 hinh (M-3a) bieu thi ap luc cua song va cham (con goi la song xung ki'ch) tac dung 
vao cong trlnh do cac vu no trong kh6ng khi. Song no se truyPn ap lire true tiep vao cac 
cong trlnh tren mat dat, hoac vao cac mai cong trlnh ngam co chiPu day lop dat lap nho. 
Dac trung cua tai trong nay la tai trong dupe tang tire thPi den gia tri cue dai, sau do 
giam ngay theo quy luat tuyen tmh. CJ hinh (M-3b) biPu thi ap lire cua song nen tac dung 
vao cac cong trlnh viii sau trong dat do cac vu no trong dat gay ra. Song no se truyPn ap 
luc vao cac mat day va tudng ngoai cua cong trlnh ngSm. Dae trung cua tai trong nay la 
tai trong dupe tang nhanh theo quy luat tuyen tinh den gia tri cue dai, sau do lai giam 
cung theo quy luat tuyen tmh. 

- Tai trong dong dai han: Ton tai sau nhieu chu ki dao dong, la dang tai trong thuPng 
gap, thi du nhu tac dung cua dong dat doi vPi cac cong trlnh xay dung deu thuoc loai tai 
trong nay. Tren hinh (M-4) mo ta so do tai trong do cac vu dong dat gay ra. Tai trong 
dong dat dupe dac trung boi gia toe ngang Ion va tuong umg xuat hien luc quan tinh 
ngang lcfn. 



3) b) 


Hinh M.4 

Ngoai ra con co nhieu tai trong dong phde tap nhu tai trong gio bao, su thay doi dpt 
ngot cua nhiet dp moi truPng, tac dung cua song bien,.. va cac tai trong nglu nhien khac. 

§4. PHAN LOAI DAO D0NG 

Tuy theo su phan bo khoi lupng tren he, cau tao va kich thuoc ciia he, tinh chat cua 
cac loai tai trong va cac tac dung dong ben ngoai, anh huong va sir tuong tac cua moi 
truPng dao dong, cung nhu su lam viec cua he v.v.. ma nguPi ta co rat nhieu each pMn 
loai dao dong khac nhau. De thuan tien cho vipc phan tich dao dong cua cac he, ta dua 
ra mot so each phan loai sau: 

1. Phan theo so bac tu do cua he dao dong 

Bac tu do cua he se dupe xet o phan duPi. Cach phan theo so bac tu do dua he vP ba 
loai dao dong sau: 

- Dao dong cua he mot bac tu do; 

- Dao dong cua he huu han bac tu do (> 2); 

- Dao dong cua he vo han bac tu do. 
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2. Phan theo tinh chat va nguyen nhan gay ra dao dong 

- Dao dong tu do: La dao dong sinh ra do chuyen vi va toe do ban d&u cua he. Dieu kien 
ban dau duqc tao nen do tac d6ng cua cac xung luc tire thoi va tach he ra khoi vi tri can 
bang, noi each khac dao dong tu do la dao dong khong co tai trong dong duy tri tren he. 

- Dao dong cuong buc: La dao dong sinh ra do cac tai trong dong (da xet b §3 - mb 
dau) va cac tac dung dong ben ngoai khac. Dao dong cirbng hire bao gom rat nhidu loai 
nhir: Dao dong cua he chiu tai trong co chu ki, he chiu tai trong ngdn han, he chiu tai 
trong di dong, cua cac cong trinh va nha cao tdng chiu tac dung cua gio, cua cac cong 
trinh chiu tai trong dong da't xung nhiet v.v... 

3. Phan theo six ton tai cua luc 

- Dao dong khong tat dan: La dao dong bo qua anh hubng cua lire can. 

- Dao dong tat dan: La dao dong co xet tbi luc can. 

4. Phan theo kich thubc va cau tao cua he: Theo each phan loai nay, dao dong cua 

he se bao gbm: 

- Dao dong cua he thanh (dam, dan, vom, khung...); 

- Dao dong cua tarn; 

- Dao dong cua vo; 

- Dao dong cua cac khoi mong; 

- Dao dong cua he treo; 

- Dao dong cua cac ket cau cong trinh dac biet v.v... 

5. Phan theo dang phuong trinh vi phan mo ta dao dong 

- Dao dong tuyen tinh: La dao dong ma phuong trinh vi phan mo ta dao dong la 
phuong trinh vi phan tuyen tinh. 

- Dao dong phi tuyen: La dao dong ma phuong trinh vi phan mo ta dao dong la 
phuong trinh vi phan phi tuyen. 

§5. BAC TIT DO CUA H$ DAO DONG 

Bac tu do cua he dao dong la sb cac tham so doc Dp can thiet de’ xac dinh day du vi 
tri cua tat ca cac khoi luong cua he khi dao dbng. 

Trubc het ta xet he vbi cac khoi luong tap trung. Trong cac he nay co the’ bo qua cac 
luc quan tinh cua thanh va chi tinh den luc quan tinh phat sinh do cac khoi luong tap 
trung. De tinh bac tu do, ta dung cac gia thiet sau: 

- Coi cac khoi luong tap trung cua he la cac chat diem. 

- Bo qua chieu dai co dan do bien dang uon. 
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Xet vi du he cu the cho d hinh M.5. He co mot khoi luong tap trung. 



Hinh M.5 


M 


c) 



Neu khong xet tdi gia thiet tren, thi de xac dinh vi trf cua khoi lugng M can phai co 
du 3 tham so la y,, y 2 va cp. Vay he se co 3 bac tu do. Vdi cac gia thiet tren, de xac dinh 
vi trf cua khoi luong M thi chi can mot tham so la y (hinh M.5b). Vay he chi co mdt bac 
tu do. 

Ta co the xac dinh so bac tu do bang each: Dat vao cac khoi luong cua he cac lien ket 
loai mot vita du de sao cho tat ca cac khoi luong cua he trd thanh bat dong, xem 
(hinh M.5b). 

Chu y: So bac tu do cua he dao dong co th6 nho hofn, bang, hoac Ion hon so khoi 
luong cua he. Di6u nay d6 dang duoc minh hoa tren hinh M.6. 



♦ 




a) 


b) 


/WWW 



Hinh M.6 

Ci he hinh M.6a s6 bac tu do bang so khoi luong tap trung va bang 2. 6 he hinh (M.6b) 
co mot khoi luong, nhung lai co 2 bac tu do. d he hinh M.6c co 3 khoi luong, nhung chi co 
2 bac tu do. 

Ta xet he thanh voi khoi luong phan bo. O he nay ta khong duoc phep bo qua luc 
quan tinh cua thanh va nhu vay he se co sd bac tu do la vo ciing. De tinh loan cac he co 
khoi luong phan bo, can phai thiet lap va giai he phuong trinh vi phan vdi cac dao ham 
rieng, boi vi trong trudng hop nay luc quan tinh phu thuoc vao ca toa do va ca thofi gian. 

Sd bac tu do ciia he co the duoc xem xet tren co so viec roi rac hoa he co khoi luong 
phan bo lien tuc la he vo han bac tu do vi he huu han bac tu do. Viec rdi rac hoa co the 
dupe tien hanh bang each tap trung khoi luong, hay chia phan tu. 
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§6. CAC PHUONG PHAP XAY DUNG PHUONG TRiNH CHUYEN DONG 

Nhu da biet, nhiem vu co ban cua bai toan dong luc hoc cong trinh la xac dinh sit 
thay doi cua chuydn vi theo then gian cua mot he da cho dudri tac dung cau tai trong 
dong. Cac bieu thirc toan hoc de xac dinh cac chuyen vi dong dupe goi la cac phuong 
trinh chuyen ddng cua he. No dupe bieu thi d dang cac phuong trinh vi phan, va phan 
anh dac trung dao dong cua he. Giai cac phuong trinh chuyen dong do ta se xac dinh 
dupe cac ham chuyen vi can tim theo thofi gian. 

Viec thiet lap va dua ra dupe phuong trinh vi phan chuyen dong cua he la giai doan 
quan trong nMt trong tat ca su phan tich dao dong cua bat ki mot he nao. Phuong trinh 
vi phan chuyen dong cua he co the dupe xay dung tren CO so phuong phap tlnh hoac dua 
tren cac nguyen If bi6'n phan nang lupng. Duori day se trinh bay mot so phuong phap sau: 

1. Phuong phap tTnh dong (phuong phap ap dung nguyen li Dalambe) 

Phuong phap tlnh dong la phuong phap ap dung nguyen If Dalambe doi vori bai toan 
dong luc hoc cong trinh. No dua vao dieu kien xet can bang luc cua phan tlnh hoc trong 
do co bo sung them cac luc quan tinh dat vao cac khoi lupng. 

Nhu vay, tren co so nguyen li Dalambe, dd tim phuong trinh vi phan chuyen dong cua 
cac khoi lupng tren he, ta chi viec viet cac phuong trinh can bang lire cua cac khoi lupng 
co ke den cac lire quan tfnh cua chung. 

Cac lire quan tinh cua cac khoi lupng dupe viet mot each tong quat nhu sau: 

F --M^^ = -MX(t) 

M dr 

F q = -M = -MY(t) (M-4) 

Trong do: M - khd'i lupng tap trung cua he; 

X(t), Y(t) - chuydn vi tinh tid'n cua khoi lupng M theo phuong cua true x va y; 

a u (t) - chuyen vi xoay cua khoi lupng M quanh true u la true vuong goc vdri 
mat phang xoy; 

F x q , F y q , J u q - cac luc quan tinh cua khoi lupng M tuong ung vdri cac chuyen vi 
tinh tien theo phuong x, y va chuydn vi xoay quanh true u; 

J () (u)= dm - momen quan tinh cua khoi lupng M vdi true u, p u la 
khoang each tir phan to khoi lupng dm den true u. 
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He phuong trinh chuyen dong viet doi vdi he phang se La: 

EX-EMX(t) = 0 

EY-EMY(t) = 0 (M-5) 

EJ u -EMJ 0 (u)oc u (t) = 0 

Nhd rang EX bao gom khong chi tai trong dong tac dung vao khoi luong M, ma chura 
ca iuc dan hoi va lire tat dan dat vao khoi luong M do, tat ca cac luc chieu theo phucmg 
X, EY, EJ U cung tuong tu nhu vay. 

Doi khi, phucmg trinh vi phan chuyen dong cua he nhan duoc tu viec tim bieu thuc 
chuyen vi cua cac khoi luong do cac tai trong dong, luc tat dan va luc quan tinh dat vao 
cac khoi luong gay ra. Luc nay, ta hieu rang toan he dat trang thai can bang sau khi da 
bo sung cac luc can thiet vao cac khoi luong cua he. 

Noi chung doi vdi da so cac bai toan dong hoc don gian, phucmg phap tinh dong cho 
phep thiet lap cac phuong trinh chuyen dong cua he rat thuSn tien va don gian. 

Vi du minh hoa cac phuong phap se duoc trinh bay d chuong 1. 

2. Phuong phap sur dung nguyen If chuyen vi kha di 

Khi so do ket ca'u cong trinh kha phuc tap, dac biet la he co cac khoi luong phan bo 
va cac lien ket dan h6i,... thi phep ghi true ticp dieu kien can bang luc cua tat ca cac luc 
tac dung len he vdi cac dai luong vecto la rat kho khan. Khi do can phai thiet lap phuong 
trinh vi phan chuydn dOng tir cac bieu thuc dai luong vo hudng cua cong hay nang 
luemg. Mot phuong phap hop li duoc sir dung tien lpi la phuong phap dua tren nguyen li 
chuydn vi kha di. Phil hop vdi nguyen li nay, phuong trinh vi phan chuydn dong cua he 
duoc xac dinh tir bieu thuc cong cua tat ca cac luc tren cac chuydn v{ kha di bang khong. 
De nhan duoc phuong trinh chuydn dong cua he, ta tien hanh cac buoc sau: 

- Xac dinh tat ca cac luc dat vao cac khoi luong cua he, trong do ke ca luc quan tinh 
duoc xac dinh phu hop vdi nguyen li Dalambe; 

- Dua vao cac chuyen vi kha d! tuong ung vdi cac bac tu do cua he; 

- Tinh bieu thuc cong cua tat ca cac luc tren cac chuyen vi kha di va cho bang khong. 

3. Phuong phap urng dung nguyen li Haminton 

Vdi cac he phuc tap ngudi ta con sir dung phuong phap ung dung nguyen li bien phan 
dong hoc Haminton. Phuong phap nay se dua ra phuong trinh vi phan chuyen dong tu bieu 
thuc bien phan cac ham nang luemg cua he. Nguyen li Haminton co the bieu thj nhu sau: 

J t ‘ 2 5 (T - U) dt + J ( ' 2 5R dt = 0 (M-6) 

Hay: ['^(T-U+R) dt= J t ‘ 2 (8T-5U+ 5R) dt=0 (M-6') 
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Trong <fd: 

5T, 8U - bien phan cua dong nang va the nang cua he; 

5R - bien phan c6ng do cac luc khong bao toan tac dung len he gay ra, bao g6m 
luc can chuyen dong va tai trong ngoai. 

Phu hop vdi nguyen If nay, bien phan cua dong nang, the nang cong voi bien phan 
ciia cong do tai trong ngoai va luc tat dan trong khoang thcri gian bat ki tir t, den t 2 phai 
bang khong. Sir dung phuong phap nay co the cho phep nhan dugc phucmg trinh vi phan 
chuydn dong cua bat ki mot he da cho nao. Phuong phap nay khac vdi phuong phap sir 
dung nguyen li chuyen vi kha dl a ch6: cac luc quan tinh va luc dan hoi deu khong co 
mat khi thiet lap phuong trinh vi phan chuyen dong, thay vao chung la cac gia tri dong 
nang va the nang tuong urng. Vdi cac he phirc tap sir dung phuong phap nay cung rat tien 
loi, bdi vi (M-6) bi^u thi cac dai luong vo hudng. 
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Chirong 1 

DAO D0NG CUA HE M0T BAC TIT DO 

§1. XAY DUNG PHITONG TRINH VI PHAN DAO DONG TONG QUAT H$ MOT 
BAC Tl/DO 

1. Cac lire tac dong va cac tham so co ban cua he dong hoc 

Xet mot mo hinh don gian cho tren (hinh 1.1). He gom co mot khdi luong M chiu tac 
dung ciia tai trong dong thay doi theo thdi gian P(t). He duqc g4n vdi vat bat dong bang 
mot 16 xo dan h6i khong trong luong vdi do cling k, va mot bo giam chan c biCu thi sir 
tieu hao nang luong trong qua trinh dao d6ng. Cac con lan dam bao cho khoi luong chi 
co the chuyen vi tinh tien theo phuong ngang. 



a) b) 

Hinh 1.1 


Cac tham so vat li co ban cua he dong hoc cho 6 hinh 1.1 cung nhu doi vdi bat ki he 
ket cau dao dong tuyen tinh khac deu bao gom: khoi luong ciia he, cac tfnh chat dan h6i 
cua he nhu do cung, do mdm, co dac trung tieu phi nang luong trong qua trinh dao dong 
va cac nguon kich dong cung nhu cac tac dung dong ben ngoai. 

Trong qua trinh dao dong, he chiu tac dong ciia cac luc rat da dang. Cac luc tac dong 
chu yeu bao gom: 

- Tai trong dong thay doi theo thoi gian vit cac kfch dong ben ngoai nhu da xet d phan 
mdddu. 

- Life dan hoi: 

Luc dan hoi xua't hien khi he tach khoi vi trf can bang va co xu hudng dua he ve vi tri 
can bang ban dau, lire nay luon luon tuong irng va phu thuoc vao chuydn vi dong cua he. 
Ta ki hieu luc dan hoi la P d . 

Pd = P(y) 

Sir phu thuoc ciia lire dan hoi vao chuyCn vi dong cua he co th6 la tuyen tinh hoac phi 
tuyen. d cac he dao dong dan hoi tuyen tinh, ta co: 
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P d = Ky (1-1) 

Trong do y la chuyen vi dpng cua he, k la he so cumg, la luc do chuydn vi bang don vi 
gay ra tuong utng vdi phuong cua bac tu do. 

- Luc ma sat: 

Luc nay thuomg ngupc chi6u vdi chuyen dong va co kha nang khu dao dong cua he, 
vi vay nguoi ta con goi luc nay la luc can hay luc tat dan. Co hai loai ma sat: ma sat 
trong (trong vat lieu) va ma sat ngoai (ma sat tai cac gdc tua va luc can cua moi trudng 
cua he dao dong). Ma sat xuat hien rat 1dm trong cac c6ng cu va thiet bi giam chan de 

khu dao dong. Cac dac trung cua luc ma sat rat da dang va phuc tap se dupe xem xet cu 

the' d nhung phan sau. C> day mdi chi dua ra mo hinh can nhcft tuyen tmh; trong do luc 
can phu thuoc vao van toe dao dong cua he. Neu kf hieu luc can la P c thi: 

P c = Cy (1-2) 

trong do: C - he so tat d^n; 

y - van toe dao dong cua he. 

Tat ca cac luc tac dung vao khoi lupng duoc mo ta tren hinh 1.1b. 

2. Xay dung phuong trinh vi phan dao dong tong quat he mot bac tu do 

Phuong trinh vi phan dao dong tong quat co the dupe xay dung tit mot trong cac 
phuong phap da trinh bay b phan mo dau. Ta khao sat dao dong cua he mot khoi lupng 
tap trung dat tren dam don gian. Dam 
dupe xem la vat thd dan hoi khong trong 
lupng. Khoi lupng chiu tac dung cua tai 
trong trong thay doi theo thoi gian P(t) 
hinh 1.2, he co mot bac tu do, do la 
chuyen vj theo phuong dung y(t), chuyen 
vi nay xac dinh vi tri cua khoi lupng M. 

a) Phuong phap tmh dong (Phuong 
phap dp dung nguyen U Dalambe) 

Khi xet dieu kien can bang luc tmh hoc cua khoi lupng, ta bP sung them luc quan tmh: 

Pq = -My(t) (1-3) 

Nhu vay cac luc dat va khoi lupng bao g6m: Tai trong dong P (t) , luc dan hoi P d , luc 
can P c va luc quan tmh P q Tren hinh 1.2 va hinh 1.1b doi vdi he d hinh 1.1a da bieu thi 
su tac dung cua tat ca cac luc do vao khoi lupng M. 

Phuong trinh chuyen dong bieu thi su can bang luc cua tat ca cac luc do viet theo 
(M-5) se la: 

Pd + Pc - Pq = P(t) (1-4) 
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The cac bidu thuc (1-1), (1-2), (1-3) vao (1-4), ta nhan duoc: 

My+Cy+ Ky = P(t) (1-5) 

(1-5) la phuong trinh vi phan dao dong he mdt bac tu do. Phuong trinh nay c6 the 
nhan duoc tir bieu thirc viet dudi dang chuyen v{ cua khoi luong nhir sau: 

Neu goi Sj i la chuyen vi tai khoi luong do luc don vi bang 1 gay ra, thi chuyen vi 
ddng tuong ling vdi sir dao dong cua he se la: 

y(t) = Sj|P(t) + 6j|P q - 5j]P C 

Hay: ~y(t) + P c - P q = P(t) 

Thay: —- = K, P c theo (1-2), P q theo (1-3) vao bieu thuc tren ta se nhan duoc (1-5) 
s n 

nhu d tren. 

b) Phifcfng phap dp dung nguyen l'i Hamintan 

De thiet lap phuong trinh vi ph&n dao dong theo nguyen 11 Hamintan, ta can phai xac 
dinh cac bi6u thuc bien phan cua dong nang, the nang, c6ng do luc tat dhn va tai trong 
dong. Vdi he 1 bac tu do cho tren hlnh 1.1 va hinli 1.2, bifiu thdc dong nang cua he dl 
dang duoc xac dinh bdi tlch so giua khoi luong vcri binh phuong van toe: 

T = iMy 2 

Suvra: 6T = -^6y = My5y 

dy 

Bieu thurc the nang cua he duoc bieu thi bdi nang luong bien dang cua 16 xo dan hoi: 

U = — Ky 2 
2 

Suy ra: 5U = — 6y = Ky8y 

ay 

Tai trong dong va luc tat d^n la cac luc khong bao toan cua he, cong cua cac luc nay 

R = P(t).y-Cyy 

Va do do 5R = P(t)8y - cy5y (c) 

Thay cac bien phan (a), (b), (c) vao phuong trinh (M-6) ta co: 

J t t2 [My5y -cy5y -Ky8y + P(t)5y] dt = 0 (1-6) 

Lay tlch phan tung phan so hang dau tien cua (1-6): 
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Phu hop voi nguyen If Haminton, so hang dau tien o phan phai cua phuong trinli (1-7) 
bang khong, boi vi bien phan 5y bang khong tai cac gioi han cua ti'ch phan (, va t 2 . Vi 
vay, the (1 -7) vao (1 -6) ta se dupe: 

J ‘ 2 [- My-Cy-Ky + P(t)] 5ydt=0 (1-8) 

Boi vi 5v la tuy y, nen trong trubng hop tong quat, phuong trinh (1-8) se thoa man khi 
bieu thuc trong dau ngoac bang khong. Bicu thuc nay chinh la phuong trinh vi phan 
chuyen dong (1 -5) da nhan dupe o phuong phap tTnh dong. 

c) PhiMHg phap up dung nguyen U chuyen vi khd dT 

Khi xay dung phuong trinh vi phan dao dong theo nguyen li chuyen vi kha dl la eho 
khoi lupng mol chuyen vi kha dl 5y. Luc nay m6i trong tat ca cac luc tac dung vao khoi 
lupng cho tren hinh 1.1b hoac hinh 1.2 deu thuc hien mot cong tuong ling voi chuyen vi 
kha dl 6y do. Ta co the bmu thi c6ng tong quat bang phuong trinh sau: 


6A = P q . 6y - P c 8y - P d 6y + P(t) 8y = 0 (1-9) 

Trong do dau am bieu thi luc tac dung ngupc voi phuong cua chuyen vi kha dl: the 
cac bieu thuc (1-1), (1-2), (1-3) vao (1-9) la dupe: 

L-My-Cy-Ky + P(t)]5y = 0 (1-10) 

Vi Sy la tuv v, nen bieu thuc trong ngoac phai bang khong, do chinh la bieu thuc cua 
phuong trinh vi phan chuyen dong (1-5). 

d) Phuong trinh vi phan chuyen dong khi xet den trong I iron g ban than cua khoi hfong 



Hinh 1.3 


Khi tilth den trong lupng ban than cua khoi lupng. trong phuong trinh (1-4) phai tinh 
den luc trong luc: 

G = K.y t (1-11) 
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Trong do: y, la do vong tinh - hinh 1.3. Phirong trinh can bang lire trong trudng hop 
nav se la: 

My + Cy + Ky = P(t)+G (1-12) 

Chuyen vi toan phan y(t) dugc bidu thi bang long cua chuyen vi tinh y, do trong 
lugng ban than gay ra va chuyen vi dong y(t): 

y(t) = y l + y(t) (1-13) 

Dua cac bidu thuc (1-11) va (1-13) vao (1-12), sau khi don gian ta dirge: 

My + Cy + Ky = P(t) (1-14) 

Vi do vong tinh khong thay doi theo thoi gian, nen: y, = y(t)va y(t) = y(t), do do ta 
co the viet phuong trinh (1-14) nhu sau: 

My + Cy(t) = Ky = P(t) (1-15) 

So sanh cac phuong trinh vi phan chuyen dong (1-15) va (1-5) ta thay rang: cac 
phuong trinh vi phan chuyen dong nhan dugc tur dieu kien can bang tinh cua he dong 
hoc khong bi anil huong bdi trong lirgng ban than. Luc nay he se dao dong xung quanh 
vi trf can bang tinh ung voi do vong ban dau y t . Tir (1-15) ta se tim dugc chuyen vi dong 
y(t). Cac chuyen vj cung nhu irng suat toan phan cua he se la t6ng ciia cac thanh phan 
tuong ling. 

e) Phifcrng trinh vi phan chuyen dong do sukich dong cua nen 

Su kich dong cua nen do cac vu dong dat, hoac cac vu no Ion trong dat gay ra su dao 
dong khong the bo qua dugc doi voi nha va cong trinh. Dac trung co ban cua tai trong 
dong dat la chuyen vj ngang rat Ion ciia nen cung voi gia toe cua no. Mo hinh don gian 
ve su dao dong cua nha do tac dung cua chuyen vi o nen cho tren hinh 1.4. 

Gia thiet rang thanh ngang ciia khung co do cung bang vo cung, khoi lugng cua toan 
bo ket cau tap trung d thanh ngang M. Chuyen vi ngang ciia nen la y a (t) (so voi mol 
true tinh toan nao do), se gay ra su' dao dong ciia khung bidu thi bang chuyen vi ciia khoi 


h 



Hinh 1.4 


P. 





b) 
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lupng M theo phuong ngang. He co mot bac tu do la y t . Haj thanh dumg dupe xem la 
khong trong lupng va khong chiu nen doc theo phuong cua cac thanh. Luc can dan hoi 
doi voi chuyen vi cua thanh ngang dupe dac trung boi dp cufng dan hoi 6 moi thanh dumg 
K/2. Luc can tat dan dupe bi6u thi bang bp giam chan C. 

Phuomg trinh can bang luc cua he dupe viet tur hinh l-4b: 

P d + P c -P q = 0 (1-16) 

Chuyen vi toan phan cua khoi lupng so voi true tinh toan do kich dpng cua nPn gay ra 
la (xem hinh 1.4a): 

yj =y„(0 + y(t) (1-17) 

Trong do y(t) la chuyen vj cua ban than ket ca'u tlnh tai vi tri khoi lupng theo phuomg 
ngang. Nhu vay, luc quan tinh cua khoi lupng se la: 

P q =-M(y n (t)+y(t)) (1-18) 

Cac luc dan hPi va luc can chi lien quan den chuyen vi y(t) cua he: P d = Ky(t); 
P c = Cy(t). Thay cac luc nay vao (1-16) ta nhan dupe: 


My(t) + Cy(t) + Ky(t) + My n (t) = 0 (1-19) 

Cl (1-19), ta xem P h (t) = -My n (t) (1-20) 

Nhu tai trong tac dung len he va gay ra dao dpng cua he, tai trong nay bang tich cua 
khoi lupng vdi gia toe cua nen. Dau am bie’u thi tai trong do ngupc chiPu voi gia toe 
cua nen. 

Phucrng trinh (1-19) dupe viet lai: 

My(t)+Cy(t) + Ky(t) = P h (t) (1-21) 

g) Mot so thi du 

Thi du 1-1 (ap dung nguyen li Dalambe va ap dung nguyen H chuyen vi kha dT) 

Xay dung phuong trinh vi phan dao dpng cua he cho o hinh 1.5. 

He la vat cung co dang ta'm chO nhat, chiPu dai a, chiPu rong b. He dupe lien ket voi 
dat boi mpt khdp bat dpng va mot lien ket thanh dan hPi co dp cumg la K. He chiu tac 
dung cua tai trong dpng P (t) theo phuong ngang dat tai goc A cua ta'm. 


Cho khoi lupng tren mpt don vj dien tich cua tarn la y, m6 men quan tinh cua tarn lay 


voi true qua tarn cua tarn: J 0 = M 


V+b 2N 

12 


, trong do M la khoi lupng cua ta'm, M = yab. 


Khi bien dp dao dpng khong 1cm, chuyen dpng cua he nay co the dupe dac trung boi 
mpt chuyen vi ngang tai diPm A la diem dat tai trong dpng: Z(t), nghia la, he nay co mpt 
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bac tu do. (Dat mot lien ket loai 1 vao A la he khong chuyen dong duoc). Nhu vay, tat ca 
cac lire tac dung len he deu duoc bieu thi qua chuyen vi Z(t) do. 

Luc dan hoi dat tai lien ket dan hoi d goi B: 

L 

P d = K. f = K.(b . tga) = K — Z(t) (a) 

cl 

Luc quan tinh cua khoi luong theo phuong ngang va phuong dung tinh tai diean giua 
ket cau: 

P =-M—= --(yab)Z(t) (b) 

4 2 2 

P q2 =-Mx(t) = -(yab) ^-Z(t) = -^- (yb 2 ) Z(t) (c) 

Luc quan tinh momen (umg v6i chuyen vi xoay): 



Cach thit nhat: Ap dung nguyen II chuyen vj kha dl: 

Ta cho khoi luong mot vi kha dl 5y tuong ung v6i bac tu do cua he. Tinh cong kha di 
cua tat ca cac luc tren cac chuyen vi kha dl tuong ling; phu hop vdi phuong trinh (1-10), 
ta co: 

• P ^l 5z ) +P 4f) +P ^(^ & ) +J ’(7) +P(,) ' 5z=0 (e) 

Thay cac luc dai hoi va luc quan tinh theo (a), (b), (c), (d) vao (e), ta duoc: 
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Dat 



1 

fb 2 1 

b 2 r 

b 2 

yab 


-T+l 

+ 7 +. 

y t +K-yy(t -P(t) 


12 

U J 

4a 2 4 

_ 

a 2 

j 


5z = 0 


(f) 


M* = 


yab 


V ' 

^ +1 


k*4-k 

a 2 

P‘(t) = P(t) 
Ta viet lai (f) nhu sau: 


{ M*Z(t) + K*Z(t) - P*(t)| 5z-0 


(g) 


Vi 5y tuy y, nen bieu thdc trong ngoac phai bang khong, tir do ta nhan dupe phuong 
trinh vi phan dao dong cua he: 

M*Z(t) + K*Z(t) = P* Z(t) (1-22) 

Cach thu hai: Ap dung phuong phap tlnh dong 

Ta viet di6u kien can bang lire khi lay tong momen cua ta't ca cac luc do'i vai diem C 
cua he: ZM C = 0 ta co: 

Pd-b-P„ |-P q2 |-J q = P(t).a (h) 

Thay cac luc quan tinh va luc dan hoi theo (a), (b), (c), (d) vao (h), ta duoc: 


yab 




1 b 2 

H-J-T 

4 4a 2 


Z(t) + K—Z(t) = P(t) 
a 


(i) 


Phuong trinh nay chinh la phan trong ngoac cua bieu thuc (f) cua phuong phap ap 
dung nguyen li chuyen vi kha dl a tren. Nhu v$y, phuong trinh vi phan dao dong cua he 
hoan toan trung vdi ket qua 6 phuong trinh (1-22) 


Thi du 1.2: (ap dung nguyen If Haminton) kho'i luong phan bo. 


Xay dung phuong trinh vi phan dao dong cua cot thap hinh 1-6. C6t thap la he dan 
hdi lien tuc co do cung uon EJ(x) va khoi luong phan bo tren mot don vi dai la m(x). 
Thap chiu tac dung cua dong dd't vai chuyen vi cua nen Id y n (t) va tai trong theo phuong 
dung dat tai dtnh thap N. 

Day la he co khoi luong phan bo, nen he se co vo so bac tu do. Neu he co 1 bac tu do 
vdi mot khoi luong tap trung chiu tac dung cua dong dat, thi viec thiet lap phuong trinh 
vi phan chuyen dong la tuong doi don gian nhu da trinh bay d muc 4. Nhung d day, vdi 
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lie dan hoi lien tuc co vo so bac tu do, ta cung co the tinh gan dung he nhir he mot bac tu 
do vdi gia thiet rang: Trong qua trinh chuydn dong cua he, he chi bien dang theo mot 
dang uon duy nhat. 

Gia sir ham do vong ung vdi chuydn vi theo phuong 
ngang la (p(x), va bien do dao dong cua he b dang 
tdng quat Z(t) la chuyen vi tai dinh thap. Nhu vay 

y(x,t) = ip(x). Z(t) (1-23) 

d vi du nay la se ap dung phuong phap Hamintom 
de xay dung phuong trinh vi phan dao dong cua he. 

Ta sc lan luot xac dinh cac dong nang va the nang co 
trong he. Dong nang cua cot thap de dang viet duoc: 

T= J ( ‘ HH(x)[y(x.t)] dx (I-24) 

Tlic nang bien dang uon b;)ng: 

U = £ ^EJ(x)[y"(x,t)J 2 dx (1-25) 

rp A . c? 2 y(x,t) 

Trong do: y(x,t) =--— 

dx~ 

Dd xac dinh the nang gay ra do lire doc true thap N, ta can phai tinh den thanh phan 
chuyen vi theo phuong dumg tai dinh thap e(t). Khi chiu bien dang uon y(x, t) thanh phan 
nav duoc tinh tren ca chidu dai cua cot thap: 

= ^ 1(1 [y'(x,t)] 2 dx 

Do do, the nang irng vdi tai trong N se la: 

U(N) = -N.e(t) = -y £ [y(x,t)] 2 dx (1-26) 

Trong do, dau trir bieu thi vide giam the nang cua lire N khi tang chuyen vi e (l) . 

O he da cho khdng co cac lire khong bao loan (luc can, tai trong dong), nen ap dung 
nguyen If Haminton (M-5) trong trudng hop nay se don gian hon: 



Hinh 1.6 


J’ 2 S(T-U)dt=0 


The (1-24), (1-25). (1-26) vao phuong trinh tren, sau khi xac djnh cac bien phan ta 
se duoc: 


J ( ' 2 £m(x)y' (x,t)Sy' (x,t)dx-£EJ(x)y"(x,t) 6y"dx + N£y’(x,t)Sy'dx 


dt = 0 (1-27) 
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Tmh den cac quan he: 

yfx,t) = y + yn>y' , = ( P"-z;y’ = cp'z; y’ = cp’z ;y = cpz 

8y l = 8y ; 8y”= (p"8z ; 5y’= (p'dz; 8y = q>8z 
va thay chung vao phuang trinh (1-27) ta se dupe: 

J t ‘ 2 Z8Z j ( J m(x)q> 2 dx + 8ZY (n) (t) J ( [ m(x)cpdx-Z5z f ( J EJ(x)(cp") 2 dx + 

+NZSZ j ( [ (tp’) 2 dxJ dt = 0 (1-28) 

Ti'ch phan theo ttimg phan doi vai hai thanh phan dau tien cua phuang trinh (1-28) ta 
se di den: 

j t ' 2 [m*Z + (K* -Kc)Z-P* t) ]8 Zdt = 0 (1-29) 

Trong do: 

m* = J ( * m(x)(p 2 dx - khoi lupng tong quat; 

K* = J ( ' EJ(x)((p") 2 dx- do cumg t6ng quat; (1-30) 

Kq = N|J (cp 1 ) 2 dx - dp cufng hinh hoc t8ng quat; 

P h *(x) = -y* (x) m(x)(pdx - tai trong hieu dung tdng quat. 

Neu kl hieu: K* =K*-Kc - dp cumg tong quat tong cong, thi phuang trinh 
(1-29) se la: 

J - * 2 [m*Z"+ K*Z - P*(t)] 8 Zdt = 0 

Vi bien phan 8 Z la tuy y nen bieu thuc trong ngoac cua phuang trinh tren phai bang 
khong, ta se nhan dupe: 

m*Z(t) + K*Z(t) = P^ (t) (1-31) 

(1-31) chfnh la phuang trinh vi phan dao dong cua he da cho. 

Cac phuang trinh (1-31), (1-22) la phuang trinh vi phan chuyen dong cua he mot bac 
tu do phutc tap, trong do Z(t), dupe goi la toa do tong quat duy nhat, no date trung cho 
chuyen dong cua he mot bac tu do. Cac tham so co ki hieu dau hoa thi goi la tham so 
tong quat cua he mot bac tu do tuong ung vdi toa do tong quat Z(t). Do la cac tham so 
vat li doi vai cac he phurc tap nhu he co cac phan cung, he co khoi lupng va do cumg dan 
hoi phan bo. 
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§2. DAO DONG TV DO HE 1 BAC TV DO KH6NG XET DEN ANH HlTClNG CUA 
LUC can 


Xet he mot bac tu do cho 6 hinh 1.7. Neu 
tach he dan hoi nay ra khoi vi trf can bang voi 
chuyen vj ban dau cua khoi lupng y 0 , hoac tac 
dong len he mot xung lire nao do dac trung boi 
toe do ban dau cua khoi lupng v 0 , thi khoi 
lupng se dao dong. Cac dao dong chi sinh ra 
do cac kich dong ban dau nhu vay dupe goi la 
dao dong tu do. Cac dao dong nay dupe thuc 
hien boi cac lire dan hoi phat sinh trong he do cac kich dong ban dau. Voi cac dao dong 
tu do, tai trong khong ton tai trong qua trinh dao dong cua he, vi vay ve phai cua phuong 
trinh vi phan dao dong tong quat he mot bac tir do (1-5) bang khong. Phuong trinh vi 
phan dao dong tu do trong truong hop nay co dang: 

My + cy + Ky = 0 (1-32) 

Khi khong xet tefi anh hudng cua luc can c = 0, phuong trinh vi phan dao dong do se la: 

My + Ky = 0 (1-33) 

Phuong trinh (1-33) la phuong trinh vi phan cap hai khong co ve phai va co he so 
hang so. De giai phuong trinh vi phan nay, ta sir dung phep the Ole vdi nghiem: 




y 0 


M 


Hinh 1.7 


y(t) = De sl 

The bieu thuc nay vao phuong trinh (1-33) ta se dupe: 

(MS 2 +k)De sl =0 

Dua vao ki hieu: 



Ta viet lai phuong trinh (1-35): 

(S 2 + co 2 ) De xt = 0 

e s! * 0 vpi t bat ki, do do: S 2 + co 2 = 0, ta suy ra: 

S = + V~ (i ) 2 = ± o>i 

Trong do i = v—1 - don vj ao. 


0-34) 

(1-35) 

0-36) 


(1-37) 


Phu hop voi bieu thiic (1-37), ta se nhan dupe 2 gia tri S, = iro va Sj = -io. Nghiem 
tong quat cua phuong trinh vi phan cap hai (1-33) dac trung bang (1-34) se phai phu 
thuoc vao hai hang so tiiy y: 

y(t) = D, e sM + D 2 e s2t 
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(1-38) 



The cac gia trj S, va S 2 vao (1-38) ta se dirge: 

y(t) = D, e i( ' n + D 2 e m (1-39) 

Phucmg trinh (1-39) co the bi6u thi a dang ham lugng giac thuSn lgi hem bang each su 
dung phircmg trinh Ole: 

e ±|Wt = coscot ± isincot (1 -40) 

The (1 -40) vao (1 -39) ta dirge: 

y(t) = (Dj +D 2 )coso)t + (D, -D 2 )iiocoscot (1-41) 

y(t) = - (D, +D,)cosin<ot + (D, - D 2 )icocoscot (1-42) 

Cac hang so D, va D 2 dirge xac dinh tu dieu kien ban dau: tai t = 0 co: 

y(o) = y 0 , y(o) = v„ (1-43) 

Dira dieu kien ban dau (1-43) vao (1-41) va (1-42) ta dugc: 

Di + D 2 = y„ , D, - D 2 = — (1-44) 


Tlie (1 -44) vao (1 -41) ta nhan dugc phuomg trinh dao dong tu do cua he mot bac tu do: 


y(t) = y (> coscot +—sin cot 


CO 


(1-45) 


Ta ccS the viet ggn hem phuong trinh dao dong (1-45) u dang mot ham lugng giac nhu 
sau, ta dua vao cac kl hieu moi A va y, vdi: 


y () = Asiny 


V 

— = A cosy 
co 


Luc nay (1 -45) se co dang: 

y(t) = Asin(cot + y) 

Va: v(t) = y(t) = Acocos(cot + 


7 


} 


Trong do A va y clugc xac dinh tu (1-46): 


Neu ki hieu: 



y = arctg 


“y„ 


y„ = A cosG 
-^ = AsinO > 

CO 

Thi (1-45) sc co dang: 

y(t) = Acos(cot - 9) 
Trong do: 0 = arctg 

°>y 0 


(1-46) 

(1-47) 

(1-48) 

(1-49) 

(1-50) 

d-51) 


25 



Dudfi day se dira ra phuong trinh dao dong dd'i vdi cac trucmg hop khac nhau cua di6u 
kien kich dong ban dau: 

- He chi chju chuyein vi ban dau: y(o) = y 0 , v(o) = 0. 

Thay dieu kien ban dau nay vao (1-51) va (1-48) ta se nhan duoc 0 = 0 va A = y 0 . Do 
do phuong trinh dao dong trong trucmg hop nay viet theo (1-50) se la: 

y(t) = y 0 coscot (1-52) 

- He chi chju tdc do ban dau: v(o) = v 0 , y(o) = 0. 

V 

Thay dieu kien ban dau nay vao (1-48) ta se nhan duoc y = 0 va A = — 1 Do do, 

■ co 

phuong trinh dao dong trong trucmg hop nay viet theo (1-47) se la: 

y(t) = —sincot (1-53) 

co 



Hinh 1.8 

- He chju ca chuyen vj ban dau va toi toe do ban dau: y(o) = y 0 , v(o) = v 0 . Luc nay 
phuong trinh dao dong nhu da ghi 6 tren (1-47) hoac (1-50), trong do. A, y, 0 duoc xac 
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dtnh theo (1-48) va (1-51). Ta cung d6 thay ring: trircmg hop nay la to hop cua hai 
trudng hop tren. Dieu do duoc the hien d phirong trinh dao d6ng viet theo (1-45). 


v 

y(t) = y u cos cot +—sin cot 
to 

Trong do: (1-52) va (1-53) la hai dao dong thanh phan phu hop vdi hai s6' hang d ve 
phai cua phuong trinh (1-45). 

Dudng bieu didn chuyen ddng cua khoi luong M theo thbi gian tuong ung vdri cac 
trubng hop tren duoc mo ta lan luot tren hinh 1.8a, b, c. Chung la cac dao dong dieu hoa 
don gian. 

Ngirbi ta con bi6u thi dao dong tu do cua khoi luong M d dang vec to quay cho tren 
hinh 1.9. Chuyen dong cua khoi luong duoc xac dinh bang phan thuc cua hai vec to 

, hay bang hinh chieu cua chung len phuong ngang. Bien do dao dong 

la do dai cua vec to hop cua hai vec to do: A = 

Chuyen dong cua khoi luong M thuc hien dao dong dieu hoa don gian con co the bieu 
thi duoc bang mot dubfng cong trong he toa do y (l) va v (t) . Tu phuong trinh dao dong 
(1-53) va phuong trinh van toe. 

v(t) = v 0 coscot 

Ta se dl dang di den phuong trinh sau: 



quay y 0 va 

l OD 



y max 



= 1 


(1-54) 



Hinh 1.9 Hinh 1.10 


Duong cong thoa man phuong trinh nay chfnh la dudng elfp mota tren hinh 1.10. 
Duong cong do goi la quy dao pha, mat phang chua duemg cong nay goi la mat phang 
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pha. Trong cac phuong trinh dao dong tu do (1-47), (1-50), A nhir da biet la bien do dao 
dong, con y hoac 0 goi la dp lech pha. Do chrnh la cac goc lpch cua vecto dao dpng toan 

fV 


phan A vdi cac vec to dao dpng thanh phan 


V 


va y 0 . Dai lupng to la tan so vong 


cua dao dpng. 

DirPi day ta se xet chu ki va tan so cua dao dpng dieu hoa. 

- Chu ki dao dpng: ki hieu la T, la thoi gian can thiet de thuc hien mot dao dpng toan 
phan, nghla la: chu ki la thoi gian de khoi lufpng lap lai qua trinh dao dpng nhu truPc. DP 
thay rang: 

2 71 


T =- 


0) 


(s) 


(1-55) 


- Tan so dao dpng: kl hidu la f 

La so lan dao dpng trong mot giay: 

f=^ = T- (1/s) d-56) 

T 2 7t 

- Tan so vong, hay tdn so dao dpng rieng: ki hieu la co. 

Tir (1-55) ta suy ra: « = ^ • 27t, nghla la: co la sp lan dao dpng trong 2n giay, vi vay 

co goi la tan so vdng hay tan so' titan hdan cua dao dong rieng va goi tat la tan sd' dao 
dong rieng. 

Cong thuc xac dinh tan so dao dpng rieng: 

Tir (1-36) va bien doi c6ng thuc nay ta dP dang co dupe cac cong thirc xac dinh tan so 
dao dpng rieng 


co = 


1 


M.6„ 


(1-57) 


Trong do: K - he so cung ciia he; 

g - gia toe trong truemg; 

y, - chuyen vi cua khoi lupng M do lire G = M.g tac dung tlnh tai vj tri khoi 
lupng gay ra. 

Tir cong thuc (1-57) ta thay rang: Tan so dao dpng rieng cua he khong phu thuoc vao 
cac kich dpng ban dau, no chi phu thuoc vao khoi lupng va dp cung ciia he. 

Co the xac dinh tan so dao dpng rieng ciia he dan hoi bat ki theo phuong phap nang 
lupng. Phuong phap nay dua tren dinh luat bao toan nang lupng: Trong qua trinh dao 
dpng tong dpng nang va the nang ciia he la mot dai lupng khong doi: 

T + U = C = const (1-58) 
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(1-59) 


Bieu thirc tfnh dong nang cua he: 
Trong do: 


T = ^My 2 =±Mco 2 .y 2 max cos 2 (tot + y) 


= A = Jy 0 + 


^O 2 

v coy 


The nang cua he: 


U =-“Ky 2 = ~ Ky max. sin 2 (cot + y) 


(1-60) 


Tir (1-59) va (1-60) ta thay: Trong qua trinh dao ddng cua he, khi the nang bien dang 
cua he dat gia tri ldn nhat thi dong nang cua he bang khong, va nguqc lai dong nang cua 
he dat gia tri ldn nhat, thi the nang cua he bang khong. Do do, phu hop vdi bieu there 
(1-58) ta co: 


Va 

T max + 0 = C 

o + u max = c 


Hay: 

T = U 

1 max ^ max 

(1-61) 

DC thay tur bieu thuc (1-60): 


^max ry max 

(1-62) 

Tir bidu thirc (1-59), ta dat: 

T-jMyL, 

cos 2 (cot + y) ; Ta co T max =~ My 2 ax 

(1-63) 


Do do: 


T m ax = a) 2 T max 


The bieu thuc tren vao bieu thirc (1-61) ta duqc: 


U„ 


oa = -=* 


(1-64) 


Trong do U max duqc xac dinh theo (1-62), T max duqc xac dinh theo (1-63). 

Doi vdi he co khoi luqng phan bo, dang dao dong xay ra phu hop vdi dudng dan hdi 
X(x), ta co cac cong thurc xac dinh dong nang ldn nhat va the nang ldn nhat nhu sau: 

u rn„ =^TfEJ,[x ( ;,] 2 dx 


Tm»x - 

Dau tong Z la lay vdi tat ca cac thanh trong he. 


(1-65) 

( 1 - 66 ) 
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ThidulJ: 

Xac dinh tin so dao dong rieng cua he cho tren hinh 1.1 la. He g6m khoi luong tap 
trung M dat tai giiia dam. 

Trade het ta xac dinh chuyen vi do luc don vi dat tai khoi luong theo phaong dao 
dong cua he (hinh 1.11b). D6 dang xac dinh dupe: 

S l l 

11 48EJ 

The 5| [ vao (1-57) ta nhan duoc bieu thufc xac dinh tan so dao dong rieng: 


co = 


M5„ 


48EJ 

M./ 3 


Hinh 1.11 



Thidu 1.4: 

Xac dinh tin so dao dong rieng cua he cho tren hinh 1.12a, do cung cua lien ket dan 
hoi la K. 

Cach thtf nhat 

Xac dinh tan so dao dong rieng theo cong thuc (1-57): He nay co hai khoi luong 
nhung chi co mot bac tu do. Tham so dac trung cho dao dong cua he co the chon la goc 
xoay tuong doi tai goi tua ben 
phai a, do chinh la chuyen vi 
tong quat cua he. 


De xac dinh S n trong truong 
hop nay, phu hop vdi chuyen vi 
tong quat cua he ta can dat vao 
goi tua B mot mo men don vi 
M = I (hinh 1.12c). Mo men nay 

gay ra phan luc tai goi A bang y 

phan luc tai goi A tuong ung tao 
nen chuyen djeh thing theo 

phuong diimg tai goi la —. Do 

k / 

do, chuyen v| don vi: 


5„ = 


k I 2 
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Momen quan tinh khoi luong trong trucmg hop nay dupe tinh nhu sau: 




2 1 +U2 


1 


= l 2 


9 1 ^ 

-M, +-M. 


Cuoi cung phu hop vdi (1-57) ta co: 


co = 


1 


K 




-M, +-M 2 
4 1 4 


= 2 . 


K 


'9M,+M 2 


Cdch thi( 2: 

Xac dinh tan so dao dong rieng theo cong thue (1-64): 

Trong trurdmg hop tong quat, neu he gom mot so khoi luong tap trung va mpt so cac 


lien ket dan hoi thi U max va T max duqc xac dinh nhu sau: 


Z i=l 


max * t 1, 2, ... ,m 

m: So lien ket dan hoi 


1 


T max Z M kyk.max ; k = l, 2,... ,n 
L k=l 

n: So khoi luong tap trung 

Chuyen vi cua cac khoi luong duqc bieu thi qua chuyen vi tai vi trf lien ket dan h6i 
cho tren hinh 1.12b. 


Ta co: 


U 


„x=jKy 2 


T = i- VM 2 =1 

^ max rx 2aM k y k max rx 

Z k=] Z 


(3 Y fl 

M, ry + M 2 —y 


Thay cac gia tri nay vao (1-64): 


2 _ ) ^max _ 


CO = 


K 

f 9 1 

-M, +-M, 

A 1 A £ 


Ket qua nay hoan toan trung vdi ket qua cua each tinh tren. 

Khi ke den anh hudng cua trong luong ban than phuong trinh vi phan dao dong tu do 
(1-33) duqc bo sung them trong luong ban than G: 

My + Ky = G (1-67) 


Tir do ta co: 


y+ coy = — 
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Nghiem cua phuemg trinh vi phan nay dupe bi<5u thi d dang (1-13) 

y(0=y t +y(t) 

Trong do y(t) la nghiem tdng quat cua phuemg trinh thuan nhat, con yt la nghiem 
rieng cua phuemg trinh khong thuan nhat. Nghiem tong quat dupe xac dinh theo (1-47): 

y(t)= Asin(o)t + y) 


Nghiem rieng chrnh la chuyen vi tlnh do trong lupng ban than khoi lupng gay ra. 
Dieu nay dd dang thay dupe, bdi vi, ta co the xem nghiem rieng bang hang so C. The gia 
tri nay vao phuemg trinh vi phan (1-67) ta nhan dupe: 



Vay phuemg trinh dao dong tu do khi ke den trong lupng ban than co dang: 

y(t) = A.sin(ct)t + y) + y t (1-68) 



Hinh 1.13 

Nghia la, khi tfnh den trong lupng ban than, dao dong cua he se xay ra xung quanh vi 
tri can bang tinh. 

Tren hinh 1.13 mo ta dao dong cua he khi ke den anh hudng cua trong lupng ban than 
vdi truemg hpp su kich dong ban dau: y(o) = y 0 , v(o) = 0. 

§3. DAO D0NG TIT DO HE 1 BAC TIT DO CO XET D^N ANH HIT0NG CUA 
LUC CAN 

Bat ki mot qua trinh chuyen dong nao cua he dan hoi trong thuc te ddu chiu anh 
hucmg cua luc can. Luc can xuat hien do nhidu nguyen nhan khac nhau va anh hudng 
cua chung den cac qua trinh dao dong rat phuc tap. Trong tfnh toan dao dong ke den tac 
dung cua luc can, co nhidu tac gia dua ra cac gia thiet khac nhau ve luc can. Cac gia 
thiet nay phii hpp vdi nhttng dieu kien thuc te' nhat dinh va cho phep dam bao do chinh 
xac cua cac ket qua tinh toan. C) day chi dua ra mot so gia thiet co ban nhu gia thiet luc 
can ti le vdi van toe chuyen dong cua Phoi, gia thiet luc can ma sat kho cua Culong, gia 
thiet ve luc can trong phi dan hoi cua Xdrokin: Trudc het ta se nghien cuu dao dong tu 
do chiu anh hudng cua luc can. 
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1. Dao dong tu do ke den anh Huong cua lire can theo gia thiet cua Phoi 

Gia thiet cua Phoi xem rang: lire can cac qua trinh chuyCn d6ng ti le vdi van toe 
chuyen dong. Nhu da trinh bay d phan dau chuong nay, cong thuc (1-2) xac dinh lire can 
theo gia thiet cua Phoi: 

P c =cy (1-69) 

Phu hop vdi gia thiet nay phuong trinh vi phan dao dong tu do duqc m6 ta theo (1-32) 


My + cy + Ky = 0 

De giai phuamg trinh vi phan nay, ta sir dung phep the Ole: 

y(t) = D.e sl 

(Ms 2 + cs + K) D.e sl = 0 

Sau khi chia cho MDe st , phuofng trinh (1-72) co dang: 

s 2 + "~s + 00 2 =0 

M 

Dat: 2a = — 

M 

Thi (1-73) duqc viet lax*. 

s 2 +2as + co 2 =0 

Nghiem cua phuemg trinh dac trung nay la: 


S,, = - a ± Va 2 -co 2 = —— ± 


(1-70) 

0-71) 

0-72) 

0-73) 

0-74) 

0-75) 

0-76) 


Nhu vay gia tri S phu thuoc vao rat nhifeu vao he so tat dan c, do do dang dao dong tat 
dan duqc bieu thi bang phuemg trinh (1-71) se phu thubc vao he so tat dan cua he. Cong 
thuc (1-76) xac dinh gia tri S phu thude vao da'u ciia bieu thuc trong can se cho ta ba 
dang chuyen dong cua he khi xet den anh hubmg cua luc can, dieu do tuomg ung voi bieu 
thuc trong can co gia tri duomg, am hay bang khong. 

De thuan tien cho viec nghien curu, ta xet trubmg hop gioi han la truomg hop bi6u thirc 

c 

trong can cua (1-76) bang khong, khi do:-= co, (tire la a = co) 

2M 

He so c urng vdi truefng hop gidi han nay goi la dai luemg tat dan tdi han va ki hieu la 
c*, ta co: 

c* = 2Mco (1-77) 

De dd khao sat dao dong tat dan khi xet den anh hucmg ciia luc can, ta bieu thi su tat 
d^n cua dao dong bang quan he ti s 6 giiia he so c voi dai luqng tat dan tori han c*. 


(1-78) 
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£ ducfc goi la tham so tat dan. Khi e = 0 la trudng hap khong xet den luc can; e = 1 

c 

umg vdi truemg hop gicti han; £ < 1 nghla la: —- < ( 0 , (a < ©) ling vdi trudng hop bieu 

2M 

thurc trong can cua (1-76) mang da'u am, truemg hap nay la truemg hgfp lire can nho; e > 1 

C 7 

tuong ung > co; (a > ©) la truemg hop bieu there trong can mang da'u duemg, va 

truemg hop nay la truemg hop luc can Ion. Dudi day ta se lan lucrt khao sat cac truemg 
hop do. 

a) Tntc/ng hap luc can nho (s <l) 

The bieu thuc (1-78) vao (1-76) ta duac: 

S = -©£ ± 7(we) 2 -w 2 

Khi s < 1 ta co: 


S = -©s±© c (1-79) 

Trong do: © c = ©Vl-s 2 (1-80) 

© c duac goi la tan so' dao dong tu do khi tinh dd'n luc can. Tir (1-80) ta bien ddi va 
nhan duac phuang trinh sau: 




© 


\2 

y 


+ £ 


= 1 


Bieu thiic (1-81) cho ta sir phu thuoc cua quan 
he cac tdn so dao dong rieng tinh den va khong 


tinh den sir tat dan 


©,. 


vdi tham so tat dan s. 


V © ) 

Bidu do mo ta phuemg trinh (1-81) la vong tron co 
ban kinh bang dem vi cho tren hinh 1.14. 


Doi vdi cac ke't cdu xay dung thdng thudng, 
tham sd tat dan: e < 20% do do sir khac biet gitra 
tan sd dao dong rieng khi tfnh den va khong tinh 
den lire can la khong dang kd. 


(1-81) 



Hinh 1.14 


The (1-79) vao (3-71) ta nhan duac phuemg trinh dao dong tu do khi xet tdi anh hudng 
cua lire can: 


y(t) = D 1 e ( ~‘ 0E+i<Uc)l + D 2 e ( “ we - i “ t) ' = e"" 6 ' (d, e ic>t ' + D 2 e“ i<v ) (1-82) 

Bidu thirc trong ngoac cua (1-82) bieu thi dao dong didu hoa dem gian tuong tu nhu 
(1-38). Ta co the viet phuemg trinh nay ddang ham luong giac: 


y(t) = e <0E, (Bsin© c t + Ccos© c t) 


(1-82’) 
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(1-83) 


Cac hang so tfch phan B va C dirge xac dinh tCt dieu kien ban ddu: 

Tai: t = 0, y(o) = y 0 , y(o) = v Q 

Bieu thuc van toe cua chuyen dong: 

v(t) = y(t) = -ffl£y(t) + e _wel .ffl c (-CsinG) c t + Bcosa> c t) 
Dira (t -83) vao (1-82) va (1-84), ta se dirge: 

v n +coey 0 


C = y„, 


B = 


CD.. 


Vay: 


y(t) = e 


-o)£t 


v n +a>sy n . 

—-— sin co r t + y n . cos c o c t 

G)_ cot 


Tuong tu nhu d §2. Ta co the viet bieu thuc (1-85) a dang vec to quay: 

y(t) = Ae _(aEI sin(co c t + y c ) 

Trong do: 


A =Jy« + 


v o+to £ y 0 

CO 


y t = arctg 


«y 0 


(1-84) 


(1-85) 


( 1 - 86 ) 


(1-87) 


v o+®sy„J 

Tir bie-u thirc (1-85), hoac (1-86) ta tha'y dao dong co luc can la dao dong tat dan. 
Tren hinh 1.15 mo ta chuydn dong cua khoi lugng M theo thofi gian cua he co luc can 
phu hop vdi bidu thufc (1-86). Chu ki cua dao dong co luc can la: 


Tan so dao dong: 




(s) 




(1/S) 


( 1 - 88 ) 

(1-89) 
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Ki hieu ben dudi khoi lupng of hinh 1.15a la ki hieu quy udc doi vdi he dao dong co 
luc can phii hop vdi gia thiet Ph6i. 

Qua d6 thi hinh 1.15b ta thay dao dong tu do co xet den anh hudng cua luc can la dao 
dong dieu hoa, nhung bien d6 giam dan theo thdi gian vdi quy luat so mu am A.e' (oei va 
no tiem cin dan den khong. 

% 

Ban chat cua tham so tat din doi vdi cac he ket cau xay dung thong thudng rat phdc 
tap, va vi6c xac dinh no khong don gian. Tuy nhien, ta co th6 bieu thi su tat din dao 
dong cua cac he thirc dudi dang cac he so tuong duong, cac he so nay se xac dinh ro do 
tat din cua cac bien do dao ddng. Muon vay, ta xet ti so giOa hai bien do mang gia tri 
duong each nhau mot chu ki T c tren hinh 1.15b y n va y n + 


Tir (1 -90) ta suy ra: 


_y_n_ 
y n+l 


Ae -(DEt 

Ae -we(t+T c ) 


2 KZ.~ 


= e 


(1-90) 


ft = In = 2ne ■ 


y n+ i 


tu, 


(1-91) 


ft la he so bieu thi toe do tat din va duefe goi la do suy giam 16 ga. Tinh den (1 -80), ta co: 

2 ne 


5 = ' /- 

Vl -e 2 

Khi luc can nho, ta co th6 tinh gin dung (1-92) nhu sau: 

ft * 2nc 

Tir (1-93) ta d6 dang nhan dupe: 

ft 


e =- 


2n 


(1-92) 


(1-93) 


(1-94) 


Vdi su gin dung ciia do suy giam 16 ga xac dinh theo (1-93), ta co th£ bieu thj quan 
he (1-90) d dang chuoi sau: 


-^ = e 5 ase 2,t£ =l + 27re + ^^ 


y n+ i 


2! 


+ ... 


Khi cac gia tri tham s6' tat din la nho ta chi cin giu lai hai so hang diu cua chudi tren 
vin co the dam bao do chinh xac. Khi do ta nhan duoc: 


c y n -y n+ i 
2n -y n+ i 


(1-95) 


Tren hinh 1.16 bieu thi quan he cua ti so giura tham so tit din chinh xac theo cong 
thurc (1-91) va tham so tit din gan dung theo cong thde (1-95) vdi tham so tit din gin 
dung. Tir bi6u do nay ta co the sua dupe ket qua tinh gan dung theo (1-95). 
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Tham so tat dan co mot y nghla quan trong, vi thong qua gia tri cua no duqc xac dinh 
bang thuc nghiem ta se tim duqc he so tat dan C. 


Thi du 1-5: 


Xac dinh cac dac trung dong hoc va bien do dao dong sau 5 chu ki cua he tat dan cho 
d hinh 1.17. Khoi luqng M chiu tac dung cua luc kich dong P, sau do bo di mot each tutc 
thdi. Trong thdi gian duy tri tai trong vdi P = 90kN chuyen vi cua khoi luqng dat duqc 
0,5cm. Khi tai trong mat di dot ngot, chuyln vi cue dai dau tien cua khoi luqng bang 
0,4cm. Thai gian cua chu ki doi vdi hai chuyen vi nay T= 1,3 giay. 



Hinh 1.16 


Hinh 1.17 


Day la dao dong tu do co ti'nh den anh hudng cua luc can. Cac dac trung dong hoc cua 
he bao gom: khoi luqng, tinh chat dan hoi, tan so dao dong, tham so tat dan va he so tat dan. 

- Xac dinh khoi luqng cua he: 


Tir bieu thuc chu ki dao dong 


(0 


2n .... 

T = — = 27i J— , ta suy ra: 


M = 

- Tan so dao dong rieng: 


/ j 


v2tt j 


1,3 Y 90 


( 


.K = — -— = 7,7 

\2n) 0,5 


kN.s 2 


cm 


2tt 2tt 

(o = — = — = 4,833 (rad/s) 
T 1,3 


- Xac dinh tham so tat dan: 


v 0 5 

Do suy giam 16 ga: 5 = In = In ~ = 0,223 

y n+ i 

Tham so tat dan: s = — = 2^1 = 0,0355 
271 271 


- Xac dinh tan so' co r : 


o) L . = coVl-e 2 = 4,833 Vl-0,0355 2 = 4,829 
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- Xac dinh he so tat dan: 

C = 8 . C* = 2Mco£ = 2.7,7 .4,833.0,0355 = 2,642 (kNs/cm) 


- Bien do sau 5 chu kl dao dong: 


y 5 = y 0 


y«> 


•0,5 


f 0,4 vi 

0,5 y 


= 0,1638(cm) 


b) Trudng hap h(c can Ian (s> I) 


Trong truerng hgp nay, nghiem ciia phircrng trinh dac trung (1-76) khi sir dung (1-78) 
la: 

S = - ms ± coVe 2 -1 = —co£ ± X 

(1-96) 

Trong do: X = mVe 2 -1 

The bieu there (1 -96) vao (1 -71), ta dugc: 

(1-97) 

y(t) = e~ 0)El | D, e 2 " 1 + D 2 e” > " 1 ) 

Bi£u diln bi6u thurc trong ngoac ra ham hypebonnic bang each dat: 

(1-98) 


D l2 =y(C, ±C 2 )tadurgc: 

y(t) = Cj ch?U +C 2 shX.t) (1-99) 

Ta co the viet (1-99) 6 dang khac nhau nlur sau: 

y(t) = Ae _ “" :t sh (kl + y) (1-100) 

Cac hang so A va y dirge xac dinh tir di6u kien ban dau tai t = 0, y(o) = y () , y(o) = v 0 , 
khi do: 


y H = Ashy , v () = -Aco£shy +A Xchy (1-101) 

Giai he (1-101), ta dirge: 


A = 



y = arctg 


v„+®ey. 


v 

ty, 


X 


v 0 + cosy, 


( 1 - 102 ) 


Tir cong there (1-99) hoac (1-100) ta thay rang: chuyen dong cua he trong truerng hgp 
lgc can Ion la cac chuyfen dong khong tuan hoan. Cac chuyen dong nay co th£ xay ra a 
nhirng dang khac nhau, nhung dan tiem can den vi tri can bang ban dau. Chung co the 
tiem can den vi tri can bang hoan loan tir mot phia, hoac tiem can co mot lan d6i dau 
dicu do phu thuoc cu the vao dicu kien ban dau. Cac dang chuyen dong ciia he dugc mo 
ta tren hinh 1.18. 


38 




Hinh 1.18 

c)Trucfng hop tat dan tdi han (e = 1) 

Trong trtfcfng hap nay, nghiem cua phirong trinh dac trimg la thue, am va bang nhau: 
S, = S 2 = - cos, khi do, chuyen dong cua he se la: 

y(t) = e' t0Et (D, +D 2 t) (1-103) 

Cac hang so D|, D 2 duoc xac dinh to dieu kien ban dau: 

Tai t = 0, y(o) = y 0 , y(o) = v 0 , Khi do: 

y u = D i, v o = d 2 - do d6 d 2 = v o + «> £ yo 

Thay cac gia tri D ( , D 2 vao (1-103) ta duac: 

y(t) = [y D (1 + cost) + v c t] e~“ Et (1-104) 

Chuyen dong cua he trong trudng hop nay cung khong tuan hoan va no cung co the 
xay ra a mot trong cac dang chuyen dong da gap d trudng hop tren. 



Hinh 1.19 


39 


Tren hinh 1.19 mo ta dao dong tu do khong xet den anh hudng cua lire can (s = 0) va 
dao dong tu do khi xet tdi anh hudng cua luc can vdi cac gia tri khac nhau cua tham so 
tat dan e > 1; dao dong tu do dupe xet vdi dieu kien ban dSu; y D = 3; v Q = 15; t&n so dao 
dong rieng cua he w = 2 (tiitc la : T = n). Dudng cong mo ta dao dong tu do khi £ = 0 
duoc so vdi hinh 1.8c, khi £ < 1 duoc so vdi hinh 1.15, khi e > 1 duoc so vdi hinh 1.18a. 
De xay dung dudng cong mo ta dao dbng tu do khi £ = 1, ta su dung cong thufc (1-104), 
ta cung gia thiet dieu kien ban dau xem rang khoi luong bat dau dao dong tir vi tri y 0 vdi 
van toe v 0 hudng ra ngoai v| tri can bang. 

2. Dao dong tir do ke den anh hudng cua luc can theo gia thiet Culong 

Ta xet dao dong tu do co tfnh den anil hudng cua lire can ma sat theo gia thiet Culong, 
trong do ma sat la ma sat kho, luc can ma sat F ms ti le vdi ap luc vuong goc va co 
phuong nguoc vdi phuong chuyen dong. Tren hinh 1.20 mb ta mb hinh ma sat nay vdi kf 
hieu quy ude cua ma sat kho. Ta thiet lap phuong trinh vi phan chuyen dong cua he theo 
phuong phap tlnh dong, trong do cac luc dat vao khoi luong bao gom luc quan tinh, luc 
dan hbi va luc can ma sat kho: 

My(t) + Ky(t) = +F ms 

Suy ra: 

v+co 2 y = ±% (1-106) 

M 

Phuong trinh (1.106) co dang tuong tu nhu 
phuong trinh vi phan dao dong tu do co ke den 
trong luong ban than (1-67), d day, lire d ve phai 
cua (1-106) co tfnh ch^'t thay dbi dau khi phuong 
chuyen dong thay dbi. Tuong tu nhu d phan trude, 
ta co nghiem cua phuong trinh (1-106). 

y(t) = A sin(cot + y) ± 5,, F ms 

Xet trudng hop he dao dong vdi dieu kien ban dau: tai t = 0; y(o) = y 0 ; v(o) = 0. co: 

y(t) = y 0 cos o)t + 6,, F ms (1-108) 

Khi khoi luong chuyen dong xuong dudi thi luc ma sat co chibu hudng len tren. Dao 
dong cua lire se xay ra quanh v| tri 8 n F ms (hinh 1.21a). Bien do dao dong cua khoi 
luong sc dat dupe gia tri bang y c - 25|, F ms . 

Khi khoi luong chuyen dong len tren, luc ma sat se co chibu hudng xuong dudi, dao 
dong se xay ra quanh vj tri 8,, F ms (hinh 1.21b). Bien do dao dong cua khoi luong se dat 
dupe gia tri bang y 0 - 28,, F ms . 


(1-105) 


M 






!*• 


Hinh 1.20 


(1-107) 
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Tien hinh 1.21c mo ta loan bo qua trinh dao dong cua he. 



c) 

Hinh 1.21 

§4. DAO DONG CU(')NG BUG HE 1 BAG TU DO CHIU TAI TRONG Dl£u HOA 


I. Trirdng hop khong co lire can 

Phuong tiinh vi phan dao dong he mot bac tir do chju tai trong dieu hoa P(t) = P m sinrt tiong 
truong liop khong xet tai anh lurcfng cua lure can la phuefng trinh (1-5) trong do vdi C = 0: 

My + Ky = P m sinrt (1-109) 

Trong do: P n) la bien do cua tai trong, r: On so vong 
cua lire kich thich. 

Nghiem thuan nhat cua phirong trinh vi phan chuyen 
dong (1 -109) bieu thi dao dong tir do co dang: 

Hinh 1.22 

y ln (t)= Bcosw + Csinot (1-110) 

Nghiem rieng cua (1-109) bieu thi dao dong do ket qua tac dong cua tai trong. Co the 
xem dao dong didu hoa xav ra do tai trong dieu hoa co pha cung vdi pha cita tai trong: 


P(t) = Psinrt 


I 



y r (l) = Dsinrt (1-111) 

The (1-111) vao (1-109) se nhan diroc: 

-Mr 2 Dsinrt + KDsinrt = P m sinrt 
Chia hai ve phir'o’ng trinh nay cho sinrt, se dan den: 
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Do do, bien do dao dong: 



(1-113) 


Nghiem tong quat cua phuong trinh vi phan dao dong (1-109) bang tong cua nghidm 
thuin nhat theo (1-110) vcri nghiem rieng theo (1-111): 


P 1 

y(t) — y tn (t) + y r (t) = B cos cot + C sin cot h—— -—-sinrt (1-114) 

K !_J_ 

<o 2 

Cac gia tri B va C cua phuong trlnh nay duqc xac dinh tir dieu kien ban dau. Tiep nhan 
dieu kien ban dau 6 trang thai yen tinh: tai t = 0, y(o) = 0; y(o) = v(o) = 0; ta xac dinh 
duqc: 


C = —bl—B = 0 

K i-l 
2 
CO 


Thay cac hang so nay vao phuong trinh (1-114), ta duoc: 

r 


P 1 

^ 2 
CO 


. r . ^ 

sinrt-sin cot 


(1-115) 


(1-116) 


(1-116) la phucfng trlnh dao dong cua he mot bac tu do chiu tac dung cua tai trong 
dieu hoa trong truong hop khong xet den anh huong cua lire can. Ta thay phuong trinh 
dao dong (1-116) gom hai thanh phan: mot thanh phan dao dong ung voi tan so' cua tai 
trong dieu hoa r, va mot thanh phan umg vdri tan so' cua dao dong tu do 10 . Ta da biet 
trong thuc te, cac dao dong deu chiu anh hudng cua luc can, mac du luc can gay anh 
huong khong dang ke den tan so dao dong rieng, nhung khi da co luc can, thi nhu da 
trinh bay 6 §3; luc can du nho cung se lam tat dan phan dao dong tu do sau mot thed 
gian ngan dao dong. Sau do he se chuyen sang thdi ki dao dong on dinh co chu ki ung 
vdi chu ki cua tai trong di£u hoa: 


y(t) = 



1 

—— sinrt 
r 


(1-117) 


Ta thay — 21 = y T la chuyen vi tai khoi luqng do bien do P m cua tai trong didu hoa tac 
K. 

dung tinh gay ra, nen ta co the vid't (1-117): 


42 



y(0=y T - 


-sinrt 


(1-118) 


1- 


0) 


Tren hinh (1-23) mo ta dao dong cirong buc cua he chiu tai trong didu hoa trong 
trudng hop tan so cua Iltc kich thlch nho hon tin so dao dong rieng r < co. 



Phuong trinh dao dong (1-118) co chira chuyen vi tinh y T se dat ra van de ve sir lien 
quan giua chuyen vi dong y(t) voi chuyen vi tinh y T do. Su lien quan nay duoc xem xet 
tir he so dong lire theo thcri gian va he s6' dong. 

He so dong theo thcri gian: K(t). 

He so dong theo thcri gian la ti so giua chuyen vi dong ting voi trang thai chuyen d6ng 
cua he vdi chuyen vi tinh do bien do cua tai trong dong tac dung tinh gay ra: 

y(t) 


K(t) = - 


y T 


(1-119) 


He so dong: K d . 

He sd dong la ti s6' giira chuyen vi d6ng cue dai cua trang thai chuyen dong vdi 
chuyen vi tinh do bien do cua tai trong dong tac dung tinh gay ra. 


K d = 


y max 


( 1 - 120 ) 


y T 

Duong nhien: K d = K(t) max (1-121) 

Vdi trudng hop he chiu tac dung cua tai trong difeu hoa, de tinh he sd dong theo thcri 
gian, ta thay (1-118) vao (1 -119) se duoc: 

sin rt 


K(t) = 


>-4 

CO 


( 1 - 122 ) 
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(1-123) 


He so dong ting vPi dang tai trong di6u hoa: 
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Do thi bieu thi he so dong theo ti so 



dupe cho tren hlnh 1.24. 



Hinh 1.24 

Qua d6 thi ta thay: 

Khi - > 1 thi Kj < 0 

CO 

0 < - < 1 thi K d > 1. 
w 

Khi r * to, K d co sir bien d6i rat nhanh, va r = co thi Kj = oo, luc nay xuat hien hien 
tuong cong hircrng: chuyen vj ciia he se ldn vo ciing. Phai het Stic tranh hien tuong cong 
hucmg, trong thiet ke nguoi ta thuong xac dinh sao cho su khac nhau cua cac tan so r va 
to khong dirdi 25%. 

2. Trirdmg hop co luc can 

a) Tinh life can theo gia thiet ciia Phoi 

Phirong trinh vi phan dao dong ciia he mot bac tu do chiu tac dung cua tai trong didu hoa 
P(t) = P m sinrt co xet den anh hucrng cua luc can phu hop voi gia thiet cua Phoi co dang: 

My+ Cy+ Ky = P m sinrt (1-124) 

Thay he so C theo bieu thurc (1-78) vao (1-124), ta se nhan dupe: 

, P 

y + 2(oey(t) + (d 2 y(t) = - QL .sinrt (1-125) 

M 
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Nghiem t 6 ng quat cua phucfng trinh vi phan (1-125) bang t 6 ng cua nghiem thuan nhat 
va nghiem rieng. 

6 day xet vdi trudng hop lire can nho. Nghiem thuan nhat cua phucfng trinh vi phan 
(1-125) trong trudng hop lire can nho chinh la phuong trinh dao dong tu do (1-82) 

y [n (t) = e"“ et (B sin ro c t +C.cos to c t) (1-126) 

Nghiem rieng do tac dung cua tai trong dieu hoa duoc xac dinh bang bieu thurc: 

y r (t) = D, sin rt + D 2 cosrt (1-127) 

C) (1-127) ta dua vao thanh phan thir hai, bdi vi dao ddng cua he co luc can thudng 
khong ciing mot pha vdi ham tai trong dieu hoa. 

Sau khi lay dao ham bieu thuc (1-127), roi thay cac ket qua tuong ling vao (1-125), 
ta duoc: 

[-D t r 2 -D 2 r (2 ooe) +D,oo 2 lsinrt+ [- D 2 r 2 +D,r (2 coe) +D 2 co 2 ] cosrt = —sinrt 

M 

So sanh hai ve cua phuong trinh nay, ta co: 

5 7 P 

[-D,r 2 - D 2 r (2a>e) + D,co 2 ] sinrt = -Sj-sinrt 

M 

[-D 2 r 2 -D,r (2 coe) + D 2 co 2 ] cosrt =0 

Sau khi bo di cac ham luong giac va bien doi cac phuong trinh tren, ta duoc: 


Trong do: 
Suy ra: 


D,(1 — p 2 ) — D 2 (2e P) = -^; D 2 (l-p 2 )+D, (2eP) = 0 


p 

Vi=~ 


1-P 2 


D 9 = ~ 7 ~ 


K (1 — p 2 ) 2 +(2eP ) 2 
P m -2 eP 




(1-128) 


(1-129) 


K (1-p 2 ) 2 +(2eP ) 2 

The cac hang so Dj, D 2 vao (1-127) ta se nhan duoc bidu thurc nghiem rieng cua 
phuong trinh vi phan (1-125) va cuoi cung ta co nghiem t 6 ng quat cua (1-125) la: 


y(t)=e (Bsinio c t + Ccosoj c t) + - 


x m 

K 


, , —-[(l-p 2 )sinrt-2ePcosrt] (1-130) 

(1 ~P 2 ) 2 +(2sP) 2 

Thanh phan thir nhat cua ve phai chua nhan tu e EWI bieu thi dao dong tu do tat dan da 
khao sat 6 tren. Thanh phan thir hai co cung tan so vdi tai trong dieu hoa bieu thi. dao 
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dong cuPng buc, no dac trung cho qua. trinh chuyen dong on dinh cua he. Cung nhu ft 
phan tren, chuyen vi of qua trinh on dinh co the bidu thi 6 dang hai vecto (hinh 1.25): 



Vec to A bieu thi bien do dao dpng cua qua trinh on dinh: 

P„ 1 


A = 


— m 


K Vd-P 2 ) 2 +(2eP) 2 


d-131) 

Dao dong on dinh cua he dupe bieu thi o dang tuong tu nhu da xet 6 phan tren: 

Y(t) = Asin (rt - 0) (1-132) 

Trong do 0 la do lech pha: 

2sP 


0 = arctg 

He so dong dupe tinh theo (1-120) se bang: 

A 


1-P J 


K d = 


5s- V( 1-P 2 ) 2 +(2eP) 2 
K 


(1-333) 

(1-134) 


Tu bieu thuc (1-134) ta thay: He so dong phu thuoc vao ti so cac tan so ciia tai trong 
di6u hoa voi tan so dao dong rieng p va tham so tat dan £. Tren hinh (1-26) mo ta biPu 
do quan he cua he so d6ng vdi ti so tuong doi p va tham so tat dan e: 

b) Tinh luc can theo gid thiet cua Xorokin 


Gia thiet cua Xorokin la gia thiet luc can trong phi dan h6i, hay con goi la gia thi6't 
\i do edng phurc. 


Life can trong phi dan hoi la life can tinh den su tieu hao nang lifcmg trong he, dupe 
bieu thi trong viec lam ton that tr6 nang lupng bien dang trong qua trinh dao dong. No 
khong phu thuoc vao toe do bien dang (Luc can theo Phoi phu thuoc vao toe do bien 
dang) ma phu thuoc vao gid tri bien dang. Trong do, quan he gifla cac bien dang chung 
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Hinh 1.26 


(do vong, goc xoay) voi tai trong ngoai la quan 
he phi tuyen. Quan he nay khi tang tai va dot tai 
la khac nhau. Trong qua trinh tang tai va do tai 
cua mot chu trinh tai trong, quan he nay dupe 
bieu thi bang mot duPng cong kin goi la vong 
tre (hinh 1.27). 

Xorokin dua tren gia thiet vong tr6 co hinh 
elip, va trong cac dao dpng cuong bde on dinh 
duoi tac dung cua tai trong kich dong dieu hoa, 
cac dao dpng cua he xay ra cung theo quy luat 
dieu hoa. Ong da di dPn ket luan rang: 

Luc can trong phi dan hoi ti le vPi luc dan hoi 



Hinh 1.27 


(Luc hoi phuc), nhung lech pha voi luc dan hoi mot goc la 
can trong dupe bieu thi bang cong thurc: 


n 

2 


Bieu thuc toan hoc cua luc 


P..=i^-P, 


(1-135) 


Trong do: P d la luc dan hoi; i = la don vi ao. Viec nhan them vPi don vi ao tuong 
ling vPi viec quay vec to luc dan hoi di mot goc — bang do lech pha cua P c . y la he so 
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tieu hao nang lilting. No dupe do bang ti so tieu hao nang lupng trong mot chu trinh bien 
dang AW vdri nang lupng toan phan cua he W. 

AW 


V = 


W 


(1-136) 


Trong thuc te tinh toan, ngufdi ta thirong sit dung gia tri gan dung cua he so tieu hao 
nang lupng va no dupe cho bofi cong thuc: 

vj/ = 28, (1-137) 

Trong do: 8 la do suy giam loga: 

TCr cac bieu thuc (1-135) va (1-137) ta se viet dupe bieu thuc luc can t6ng hop bao 
gom luc can dan hoi va luc can trong phi dan hoi nhu sau: 


Pd = 


l + “ 

n 


.p„ 


(1-138) 


V J 

He so cua luc can tong hop chua thanh phan phutc, vi vay ma gia thiet ve luc can trong 
phi dan hoi cua Xorokin con duoc goi la gia thiet ve do cung phuc: 

Tren co so nghien ciru ket qua cac phuong trinh vong tre nhan dupe bing phuong 
phap thong ke, Xorokin da dua ra bi6u thuc chfnh xac hon vt lire can tong hop co th8 ap 
dung cho ca dao dong citdng bi(c, cung nhu cac dao dong til do die'u hda: 


Trong do: 


u = 


y 2 

1 + -^ 


v = 


p d = (u + iv) P d 
Y 

1 + ^ 


(1-139) 


Va 


Y "n 


Tuy nhien, khi khao sat cac bai toan dao dong cuong buc sau nay, ta van ap dung 

Y 2 Y 2 

cong thuc don gian (1-138) bang each bo di so hang — , xem ~ nhu mot dai lupng vo 
cung be. 

DP khao sat phuong trinh dao dong cua he mot bac tu do co xet den anh huong ciia 
luc can theo gia thiet do cung pliirc cua Xorokin, ta nen bieu thj luc k(ch dong diPu hoa 
duoi dang phuc: 


P(t) = P m -e m 

Phuong trinh vi phan dao dong cua he phu hop voi gia thiet Xorokin la: 


My + 1 + i — Ky = P m e" 

7t 


(1-140) 


(1-141) 
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Hay, y+(l + i |) = 


(1-142) 


Nghiem rieng cua phucfng trinh vi phan dao dong (1-142) se xac dinh dao dong cirdmg 
biic cua he dupe tim dudi dang: 

y(t) = A.e in (1-143) 

Lay dao ham bieu thirc (1-143) va thay cac gia tri tuong ling vao (1-142) ta dupe: 


2 (, . 8 ) 2 

co l + i— -r 
l n j 


Pm 

M 


Suy ra: 


A = 


_Pm 


M 


2 f1 .5) 

© 1 + 1 — 

-r 2 

l nj 



(1-144) 


Bidu thirc tren co the con bieu thi dupe a dang sau: 

A = B . e l<p 

Trong do: 

1 


d-145) 


B = —• 
M 


(oo 2 — r 2 ) + —r- co 4 


71 




(1-146) 


, Sco 2 

tg(p = -^3^ 

Do do, phuong trinh dao dong cudng hire cua he co dang: 

y(t) = B e i(rt + <p) 

Dung phan thuc ciia bieu thuc nay lam nghiem, ta co: 

P m 1 


y(t)= Bcos(rt + q>) = 


M 


L 2 -r ! ) 2 + 4 -< 0 4 

TC 


cos (rt +(p) 


(1.147) 


(1-148) 


71 P 71 

Hien tupng cong hudng xay ra khi r = co, tire la ip = , va: B = -—. Phucfng 


r - M 6 . 0 2 


trinh dao dong. 


P m t: . re . 

y(0, = ~2 ■ T sin rt = Yt ' T-sin rt 
Mr o 6 


(1-149) 


si ,71 

Nhu vay, bien do cong hudng bang chuyen vi tlnh nhan vdi he so — 

15 
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§5. DAO DONG GUONG BUG HE I BAG TU DO CHIU TAG DUNG CUA TAI 
TRONG GO GHU KI 


1. Bieu thi tai trong ra dang chuoi Fuarie 

O phan truac ta da nghien cuu dao dong cuong buc cua he mot bac tu do chju tac 
dung cua tai trong dieu hoa, trong thuc te kT thuat ta thucfng hay gap dang tai trong tac 
duns co chu ki (hinh 1.28) khi xet dao dong cua he chiu tac dung cua tai trong chu ki. 


de ap dung diroc cac ket qua da co a 
phan trircfc, ta can phai bieu thi tai 
trong co chu ki ra dang chu6i luong 
giac (chuoi Fuarie). Dao dong ling vdi 
m6i thanh phiin cua chuoi la dao dong 
chiu tac dung cua tai trong didu hoa. 

Dao dong cua he dupe xac djnh bang 
t6ng cac dao dong ung veri cac thanh 
phan khai trien cua tai trong. 

Ham tai trong co chu ki dupe khai 
trien ra dang cliuPi Fuarie: 

D /1 \ x -1 2 nn 

p ( l )=a„ + X a n cos ■ 

n = l ^ p 

Trong do: 

T p - chu ki cua ham tai trong 




2. Dao dong cua he chiu tai trong bieu thi b dang chuoi Fuarie 

Tai trong co chu ki tuy y khai Iridn chudi Fuarie xac djnh theo (1-150). trong do bao 
gom tai trong khong doi (la tai trong trung binh dupe bieu thi bang he so a 0 xac dinh 
theo (1-151) va chudi cac tai trong dieu hoa vdi cac bion do a ir b n va cac tan so r n . Nhu 
da biei a phan tren, khi xet dao dong cuong buc he mot bac tu do chiu tac dung cua tai 
trong dieu hoa bo qua anh hubng cua life can. phuang trinh dao dong cua he a che do bn 
djnh co dang (1-117). Tu do ta co the viet dupe phuang trinh dao dong tuong ung \di 
cac thanh phan tai trong sinrl va cosrt cua chubi (1-150) nhu sau: 
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, , b n 1 

yn(0 = T L r^2- sinnr i t = 


k 1-Pi 


b 1 

—--sin ni|t 


k l-K 


y„(t ) = -r 


1 


k l-K 


2 cos nr, t 


Dao dong tuong ting vai thanh phan tai trong khong doi a 0 duac bieu thi bing do 
vong tlnh: 


y ° = T 

Cuoi cung, dao dong cua he chiu tai trong co chu ki se bang tong cac dao dong ling 
vdi tirng thanh phan khai trien cua chudi tai trong: 


y(0 = — 

k 


*0 + 1 


n=l 1 “Pn 


(a n cosnr,t + b n sin nr,t) 


(1-152) 


Trong trucmg hap xet den anh huang cua luc can, dao dong cudng burc cua he mot bac 
tu do ch|u tac dung cua tai trong co chu ki cung duac tinh b^ng tong cac dao dong tuong 
ung vai cac thanh phan khai trien cua chu6i tai trong duac xac dinh theo (1-150), nhung 
bieu thufc dao dong ting vai m6i thanh phan tai trong dieu hoa duac tlnh theo (1-130). 
Dao dong toan phan cua he a che d6 dn dinh se bang: 


yd) = | 

k 


a.,+1 „ 2 ' ‘ „ , {k<l-Ph + ».-2eP. 

(i-(?;) + (2sp n ) 2 

x sin nr, t + [a n (1 - pj) - b n ,2ep n ] cos nr, t J 

Thi du 1.6: 

Viet phuang trinh dao dong cua khoi luang 
M. Tai trong tac dung len khoi luang la tai 
trong co chu ki cho a hlnh 1.29b. Cho s = 0, c- 

n¥n 


lr_4 
T 3’ 

Trudc het ta phai khai trien tai trong ra 
chudi Fuarie. Cac he so cua chudi duac tmh 
theo (1-51): 


ik p - s,n T' Ji 

,k_ 


k 


(1-153) 

a) 

b) 


V 2 | V 2 | T p /2 


V 2 


Hinh 1.29 


1 'fn.,, 1 „ . 2nt P 

a 0 =— |P(t)dt = —P m sin—-dt = - m - 

lp o Ip Ip ^ 
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2 5 2m\ 2nn\ . 

— P m sin-cos-dt = < P 2 

t J ni i m _ 

J P o ! n *P ,2 

1 1 1 I n i-n 


khi n le 


khi n chtin 


2 Tp f . 2nt . 27tnt 
b n ==r- j P m sin ~sin—-dt - ^ n 


khi n - 1 


1 p o p p [0 khi n > 1 

The cac he so nay vao bieu thuc (1-150) la se nil an dupe dang tai trong gPm cac ham 
dieu hoa: 


P(l) =— 1+—sinr,tco.s2r,tcos 4r,t-“cos 6 rp... 
71 2 3 13 33 


Trong do: r, = — 

p 

Phirofng irinh dao dong cua khoi luong trong Irtrong hop khong xet den anh huong cua 
lire can duoc xac dinh theo (1-152). trong do: 

ft =ijL ft = II - . 31 = JL = 2 
1 n 0 ) ’ 1 1 0 ) T„ 2n T n 4 


p,.?£L. 2 T.3 ... 

(o T n 2 


Vav phuong trinh dao dong cua khoi luong se la: 

P„ f, ^ ■ 8 „ I ) 

v(l) = 1 + ~zr sin r,l + — cos2r,t + — cos4r,t + ... 

KT[ y / 13 OU j 

Khi 1 mil den anil huong cua lire can. phuong trinh dao dong cua khoi luong se dupe 
viet theo (1-153). 


$6. DAO DONG CUA UK 1 1)AC TU DO CHIU TAC DUNG CUA XUNG TUC TH()I 
l. Phuong trinh dao dong tong quat 

Khi tai trong dong ngan ban tac dung len cbng trinh ina thdi gian duv iri tai trong 
khong vupt qua 259? chu ki dao dong rieng cua kei cau. thi tai trong ngiin ban do dupe 
goi la tai trong xung tire thdi. 

Khi he chiu tac dung cua xung lire thdi, ngbia la tren he khong ton tai sir cd mat cua 
tai trong dong. He dao dong dupe la do lie da nhan dupe mot van toe nao do ma tai trong 
xung ti uyen eho lie. Vi vay dang dao dong ciia he duo'i tac dung cua cac xung tut thdi la 
dang dao dong tit do. Nhtr da diet d phdn tren. phuong trinh dao dong tu do trong cac 
Iru'dng hop xet deii va khong xet den anh huong cua lire can dupe viet theo cong thut 
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(1-86) va (1-45). Trong cac cong thufc do, neu xem rang: tai thcfi di6m xung tac dung, do 
vong tlnh ban ddu bang khong (y(o) = 0), thi v&'n de c i day la phai di xac dinh toe do ban 
ddu v(o) trong trubng hop nay nhu the nao. 

Then gian duy tri tai trong rat ngan, nen tac dung cua tai trong len he se thay bang tac 
dung cua xung luc S diroc xac dinh bang dien tfch bieu do tai trong theo thdi gian 
(hlnh 1.30a) 


o 

S=|P(t)dt (1-154) 

O 




Hinh 1.30 


Theo quy ludt Niuton 

p = My(t) = M dv(t) 
dt 


Suy ra: 

Mdv = P(t)dt 

(1-155) 

Tich phan hai ve dang thde (1-155), ta daoc: 


l 

o 9 Mdv = J o 6 P(t)dt, hay: Mv(6) - Mv(o) = S 

(1-156) 

Vi v(o) = 0 , nen: 

v(0) = — 

M 

(1-157) 


Thay dieu kien ban dau, t = 0, y(o) = 0 , v(o) = ryvao (1-45) ta diroc phuong trinh 

M 

dao dong cua he mot bac tir do chiu tac dung cua xung turc thbi trong tracing hop khong 
xet tdi lac can: 

y(t) = —- siniot (1-158) 

Mco 
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Phuong trinh (1-158) la phuong trinh dao dong dieu hoa vori bien do: 


S 

ynrdX “ Moj 

Khi xet den anh hudng cua lye can v6i trudng hop luc can nho, phirong trinh dao dong 
cua he duoc viet theo cong thde (1-86) vdi cac difiu kien ban dau nhir 6 tren, trong do: 


A = 



V o = S 

Mft) c 


y = arctg 


=0 


v 0 +co£y 0 


Phuong trinh dao dong: 


-0)Et 


y(t) = e 

Khi S = 1, bieu thde (1-159) co dang: 


Mco,. 


-sin co,.t 


(1-159) 


y(t) = e “ Et •— ~ sinio c t (1-160) 

Mto c 

Bi6u thde (1-160) duoc goi la dao dong cua he chiu tac dung cua xung don vi. Tren 
hinh 1,30b mo ta do thi cua ham y (t) . 

Neu xung tac dung vao he khong phai then difem t = 0 raa tai thari diem t = t, thi 
(1-158) se co dang: 

S 

y(t) =-sinco(t-x) (1-161) 

Mco 

Tren hinh 1.31 mo ta do thi cua ham y, nay 



2. Tai trong tlnh tuong duong P td 

Trong tinh toan dong luc hoc c6ng trinh de xac dinh cac gia trj 16n nhat cua noi luc va 
chuydn vi trong ket cau, ngucri ta thuemg phai trnh qua mot tai trong tlnh tuong duong 
voi tac dung cua tai trong dong len ket cau. 

Tai trong tinh tuong duong la tai trong gay ra bien dang bang bien dang cue dai do tai 
trong dong gdy ra. 
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Kf hieu tai trong tinh tuong duong P,d- Chuyen vi cue dai cua he mot bac tu do duoc 
tinh qua tai trong tinh tuong duong la: 

y»«- 8.1 u-i« 2 ) 

Suyra: P„, Hay: P M = K. y m „ (1-163) 

6 I1 

Sau khi xac dinh duoc tai trong tinh tuong duong, bai toan duoc tinh nhu bai toan tinh 
chiu tac dung cua Ptd- Trang thai ling sua't bien dang cua he luc nay tuong duong voi 
trang thai ung suat bien dang Ion nhat khi he chiu tac dung cua cac dang tai trong dong. 

§ 

Khi he chiu tac dung cua xung tire thoi, ta da biet: y max = ——- . Thay gia tri nay vao 

Mco 

(1-162) ta duoc: 

_ _S_1 _ S.co 

td_ Mo 8„ _ (M<n 2 ).5 M 

Dodo: P td =S.a) (1-164) 

Cung can thay them rang: Khi he chiu tac dung cua xung tut thoi, tai trong tinh tuong 
duong chmh bang luc dan hoi 16n nha't tinh theo (1-163), hoac bang luc quan tinh Ion 
nhat dat vao khoi lucmg: 

Luc quan tinh: 

P (t) = -My(t) --to 2 sin cat = Sco sin cat 

H Mco 

Do do: P q max = Sco. Ket qua nay dung vdi c6ng thufc (1-164) 

3. Mot so thi du: 

Thi du 1.7: Xac dinh mo men uon Ion nhat trong dam don gian cho tren hlnh 1.32a. 
Tai trong dong tac dung len khoi luong co quy luat thay doi theo thofi gian cho tren hlnh 
1.32b. Cho trude: E - 2,l.l0 4 kN/cm 2 , J - 100cm 4 , / = 2,5m, M = 0,01kNs 2 /cm, 
P m = 50kN, 0 = 0,05.s. 



a) b) 

Hinh 1.32 

- Xac dinh tan so dao dong rieng cua he 
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(0 = . 


1 


1 


48EJ 48.2,1.10M0 


4 ia2 


M8 U 


Ml 


3 V Ml 3 V 2,5 3 .10 6 .10‘ 


= 25,4 


V 48EJ 

- Chu ki dao dong rieng ciia he: 


2k ^234416 = 0247. S 
co 25.4 


- Tinh ti so 


e 


e 0,05 


= 0,202 < 25% 


T 0,247 

Xac dinh tai trong tinh tirong duong t heo (1-164): 


P td = S.co = co = 50 ^’° 5 - 25,4 = 1,25.25,4 = 31,8 (kN) 

- Gia tri mo men uon ldn nha't trong dim tai giura nhip: 

M max =^-^^ = 15,9 (kNm) 

Thidul.8: 

Lap phircmg trinh dao dong va mo ta qua trinh dao dong cua he lin lirot chiu tac dung cua 
cac xung luc bang nhau theo chu ki bang nua chu ki dao dong rieng cua he. Hinh 1.33a. 



Hinh 1.33 

Xet sir dao dong cua he a 3 khoang thei gian sau: 
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- Khoang 1: 0 < t < — theo (1-158) ta co: 

, , S . 

y! (t) =-sin cot =asincot; 

Mco 


a = 


Mco 


- Khoang 2: — < t < T, theo (1-158) va (1-161) ta co: 


y 2 (t) = y |(t) + a sin co 

= a [sin co t + sin (cot - n)] = 0 


( T^ 


t- 

- a 

l 2j 



sin cot + sin co t- 

2 


Khoang 3: t > T 


f 2 n 

t - 

co 


= a sin cot 


y,(t) = y 2 (t) + a sin co (t -T) = asinco 

V w / 

Tien hinh 1.33b, c, d bieu thi dao dong trong timg khoang thcfi gian, toan bo dao dong 
cua he diroc mo ta tren hinh 1,32e. 


§7. DAO DONG CUA HE 1 BAC TU DO CHIU TAC DUNG CUA TAl TRONG 
NGAN HAN 

0 

C) phan nay ta se khao sat tac dung cua loai tai trong dong ngSn han. Khi — < 25% 

thi tac dung cua tai trong ngSn han duoc xet nhir tac dung cua xung tire tlioi, noi dung ta 
da nghien cuu 6 §6. Dudi day se xet mot so dang tai trong dong ng^n han trong do 

Q 

— > 25%. Khi chiu tac dung cua tai trong ngSn han, trang thai ufng suat bien dang 16n 

nhat cua he se dat dupe trong mot khoang thcri gian rat ng&n, so vdi trude khi lire tat dan 
co the hap thu dupe phan Ion nang lupng cua qua trinh dao dong. Vi vay khi tinh he chiu 
tiic dung cua tai trong ngan han se khong xet toi anh huefng cua luc can. 


I. Tai trong ngan han co dang hinh sin 


Xet dao dong cua he mot bac tu do chiu tac dung cua tai trong dong ngan han co dang 
hinh sin (hinh 1.34). 


Hinh 1.34 
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Noi chung khi chiu tai trong ngan han dao dong cua he se duoc tlnh of hai giai doan. 
Mot giai doan co sit duy tri tai trong dong va m6t giai doan he dao dong tu do khong co 
sit ton tai cua tai trong dong ben ngoai. 

- Xet khoang 1: 0 < t < 0. 

Phitong trinh dao dong khi he chiu tac dung cua tai trong di£u hoa diroc xac dinh bang 
bieu thtrc (1-116): 



--(sinrt-Bsincot) 

i-p 2 


(1-165) 


Xet 6 khoang 2: t > 0 

6 giai doan nay h6 s6' dao d6ng tu do, dao dong nay phu thuoc vao chuyen vi y(0) va 
toe do V(0) 6 cuoi giai doan 1. Phuong trinh dao dong duoc viet tuemg tu nhu: (1-45): 

y (t) = sin co(t - 0) + y(0) cos ®(t - 0) (1-166) 

(0 

De xac dinh gia tri Ion nha't cua chuydn vi theo thoi gian ta can phai lay dao ham 
phuong trinh (1-165) va cho bang khong: 

dy(t) = ——^-(rcosrt-rcosco) = 0 
dt K 1-p 2 

Suy ra: cos rt = coscot 

Do do: rt = 27tn ± cot, n = 0, ±1,2, 3,... (1-167) 

Ta can quan tam den truemg hop tai trong tac dung co tan so g&n voi tan so dao ddng 
rieng cua he (r -> co), nhu vay edn lay n = 1 of bi6u thue tren, dong thdi tinh voi dau am 
khi do: 


2iz 

rt =- (1-168) 

l + “ 
r 

Bien do cue dai cua dao dong duoc xac dinh bang phep the bieiu thurc (1-168) vao 
(1-165). Ket qua chi thoa man khi rt < 1 tuong ung vdi truemg hop (3 < 1. 

Khi p > 1 sir cue dai cua dao dong se xdy ra cf khoang hai ung voi dao dong tu do. 
Chuyen vi ban dau va toe do ban dau 6 khoang nay duoc xac dinh bang phuong trinh 
(1-165) va dao ham phuong trinh nay voi phep the r0 = n. 


y(0) = 


v(0) = 


P m 1 

K 1-p 2 
P m r 
K 1-p 2 


(0-Psin —) 

P 

f i 

■ -1-cos— 

l pj 
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Bien d6 dao dong tu do cua giai doan nay duac xac dinh theo (1-48) se bang 
A =. 




2 , 

( y m) 

y ( 0) + 



n 


-. 1/2 


K(l-p z ) 


P 2 + 2cos^ 


Do do he so dong luc nay se bang (khi p > 1, t > 0) 

K d = 


y max 


2p n 

-T C0S 2P 


Pm 1-P 
K 


2. Tai trong ngan han co dang hinh chur nhat 

Xet dao dong cua he trong truong hop chiu 
tac dung cua tai trong tang dot bien, sau do 
gifl nguyen gia tri trong m6t thbi gian ngan 0 
hinh 1.35: 

P(t) = P m khi t < 0 

P(t) = 0 khi > 0 

Ta cung tmh he o hai giai doan ung voi hai 
khoang thbi gian t ^ 0 


(1-169) 



Ilinh 1.35 


- Xet khoang I: t < 0, P(t) = P m 

D6 tha'y rang nghiem rieng cua phirong trinh vi phan dao dong khi chiu tai trong nay 
chinh la do vong tlnh: 


y t = 


— m 


K 


Tfnh den bieu thdc nay, nghiem tong quat chura cac hang sd duoc xac dinh tir di6u 
kien ban dau bang khong se la: 


y(t) = —— (1 — cos cot) 

K 


(1-170) 


Bieu thufc (1-170) la phirong trinh dao dong cua he o khoang dau. De xac dinh gia tri 
Ion nhat cua chuyen vi ta lay dao ham bieu there (1-170) va cho bang khong: 

P 

y(t) = —--a) sin rot = 0 
K 

T T 

Suy ra: o>t = n7r, va t = n — , vdi n = 1; t = —; vi dang xet trong khoang mot, nen 

0 

t < 0 do do ta co dieu kien de cue tri xay ra o khoang nay la: — > 0,5. 
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T ( P 

Ung vdi t = — de thay rang: y t = — 1 = 2—= 2y T , nghla la he so dong trong trucmg 
2 l 2 ) K 

hop nay bang 2. 

- Xet trong khoang 2: t > 0, P(t) = 0. 

Phirong trinh dao dong til do a khoang nay duoc viet tucrng tir nhir phan tren (1-166). 


y(t) = y(0) cosco(t - 0) +-- sin w(t - 0) 

0) 


(1-171) 


Trong do y (0) va v (6) la chuyen vi va too do chuyen dong cua he d cuoi khoang 1. 
Bien do dao dong cua giai doan nay duoc xac dinh theo (1-48): 

A= i( : f) 2 +y 2 <e)= l L il si,, 2 (f e ) + ('- cos f e ) = 


=tJ 2 ('- C 0 S t 6 ) 

Do do: K d = ^sss- = 2sin^ | vdi ^ < 0,5 

y T t { t 


(1-172) 


Nhu vay he s6 dong thay doi theo quy luat sin phu thu6c vao cac quan he — nho hon 
0,5. TCr cong thuc (1-172) ta se tmh duoc cac he so dong va cho trong bang 1.1. 

Bang 1.1 


0 






T ° 

0,01 0,02 0,05 0,1 

0,167 

0,2 

0,3 

0,4 ;> 0,5 

K d 0 

0,052 0,126 0,313 0,618 

1 

1,175 

1,617 

1,902 2 


3. Tai trong ngan han co dang hinh tain giac vdi bien d6 giam dan 

Xet dao dong cua he khi chiu tac dung cua tai trong tang dot bien sau do giam tuyen tinh 
den gia tri khong trong thdi gian ngan 0 (hinh 1.36). 


FW-M'-eJ “ ,se 

P(t) = 0 khi t > 0 
Xet trong khoang 1: t < 0 

Nghiem rieng cua phuong trinh vi phan giao dong 
cua he chiu tac dung cua tai trong dong 

p(, ,=p m (,-iW 



Hinh 1.36 
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y (t) = *kfl-i 

/x kI e 


(1-173) 


Trnh den nghiem rieng nay, nghiem t6ng quat chira cac hang s 6 duac xac dinh tir didu 
kien ban dau bang khong se la: 


y(t) = 


P m (sin cot 


K l ©0 


-cos cot — + 1 


(1-174) 


Tuong tu nhu a phan tren, dd xac ddinh gia tri ldfn nha't cua chuyen vi, ta cung lay dao 
ham phirong trinh (1-174) va cho bang kh6ng. Ket qua ta nhan ducrc nhir sau: 

Thai diem chuydn vi dat cue dai la: 

2arctgco0 


y m ax=2^ i- 


arctgcot 


Ung vai chuydn vj cue dai 


Tir bieu thirc (1-176) ta suy ra he so d6ng trong truong hap nay: 

K d = ^ = 2fl-^^1 
y T l J 


(1-175) 


(1.176) 


(1-177) 


Didu kien de xay ra cue dai trong khoang dau la thdi gian duac tinh theo bieu thirc 
(1-175) se nho han hoac bang thefi gian duy tri tai trong 0. Tir dieu kien nay, ta xac djnh 

duac: - > 0,371. 

T 

- Xet trong khoang 2: t > 0. 

Phuomg trinh dao d6ng tu do duac xac dinh tir didu kien ban dau ung vai thcri diem 
cuoi giai doan mot, turc la tai t = 0. 


y(t) = y(0)cosco(t-0) + ^^sinco(t -0) 

co 


(1-178) 


Trong do: 


5,, sin^e 
K l 0)0 


-COSCO0 


Ucoscoe 

Kl 0 J 

Bien d6 dao dong tu do cua giai doan nay duac xac dinh theo (1-48) 


A = Jy (0) + 
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Do do 


= • —— 7(sinco0 -co0cosco0) 2 + (cosco0 + co0sinG>0 -1)^ = 

K “6_ 

P m -y/(l-cos00) 2 +(co0-sinco0) 2 

~~K w0 


K d = 


y max 

y T 


7(1 - cos co0) 2 + (ct>9 - sin o»0) 2 


<»0 


(1-179) 


Dieu kien xay ra cue dai trong khoang nay la =• < 0,371. Tir cac cong thirc (1-177), 

0 

(1-179) ta lap duoc bang xac dinh he so dong theo tx le — cua dang tai trong ngan han 
nay (bang 1.2). 


Bang 1.2 


0 

T 

0 

0,1 

0,2 

0,3 

0,371 

0,4 

0,5 

0,6 

0,7 

0,S 

K d 

0 

0,31 

0,602 

0,853 

1 

1,051 

1,197 

1,31 

1.392 

1,453 

0 

T 

0,9 

1 

1,25 

1,5 

1,75 

2 

2,5 

3 

5 

oo 

K d 

1,506 

1,552 

1,63 

1,689 

1,73 

1 

1,763 

1,809 

1,839 

1,908 

2 


4. Tai trong tinh tuong duong 

Khi he chiu tac dung cua tai trong dong ngan han cung nhu khi chiu tac dung cua tai 
trong dong co quy luat bat ki theo thoi gian, tai trong tinh tuorng duong duoc xac dinh tir 
he so dong k d va gia tri ldn nhat cua tai trong dong P m nhu sau: 

Ta da biet cong thirc xac dinh tai trong tinh tuong duong tir (1-163): 

^\d ^ymax 

Chuyen vi ldn nhat y max duoc tinh qua he so dong: 

y m ax = y T • K d = 

Thay gia tri nay vao cong thirc xac dinh P td 6 tren, ta duoc: 


P(d - K d . P n 


(1-180) 


„ 0 


Tren hinh 1.37 mo ta bieu dd cac he so dong k d theo ti so — ung vdi mot so dang tai 


trong dong ngan han khac nhau. 

Qua do thi he so dong ve tren hinh 1.36 cung nhu qua cac bang tra he so dong ta 
thay rang: 
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He so dong co the ldn hon, bang hoac nho hon don vi, K d > 1 didu do co nghTa la: tai 

trong tlnh tircfng duong co the ldn hon, bang, hoac nho hem gia tri cue dai cua tai trong 
dong tac dung len he. 



Hinh 1.37 

He so dong lorn nhat la bang 2. 

0 

He so dong phu thuoc vao dac tfnh tai trong va ti so —. 

Noi chung vdi tac dung tai trong dong ngan han (thefi gian duy tri tai trong rat ngan so 
voi chu ki dao dong rieng), ket cau co do cirng cang Ion thi he so dong cang ldn, hieu 
qua tac dung cua tai trong dong ldn ket ca'u cang ldn. 

5. Mot so thf du 

Thi du 1.9: 

Ve bieu do cua mo men uon dong trong dam cho tren hinh 1.38a tai trong dong co 
quy luat theo thdi gian cho tren hinh 1.38b cho E = 2,1.10 4 kN/cm 2 , J = 470cm 4 , / = 3m, 
M = 0,0IkNs 2 /cm, P m = lOOkN, 0 = 0,03.s. 
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Xac dinh t£n so va chu ki dao dong rieng cua he. 

|P(t) 


P(t) 


112 r ! 


/ 




t 

0 




co = 


1 1 _ 

I192EJ 

Vm.5„ \ 

1 M/ 3 

/192.2,1.10 4 .470 _ 


a) 


b) 


(kNm) 

c) 



2k 2.3,14 

T = — = = 0,075 . (s) 

co 83,77 


Tlnh ti so —, he so dong, tai trong tlnh tuong duong: 


.. e 

;o 

0 0,03 


T 0 075 = ^ ’ ^ ieo 1-1 ta tra ditoc he s6' d6ng: K d = 1,902, do do tai trong 
tlnh tucmg duong: 

P td = K d .P m = 1,902.100 = 190,2 . kN 
- Gia tri m6 men uon ldm nhat tai cac vi trl hai dau ngam va giua nhip: 
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P / IRQ 0 3 

M = £uH. = loy, ~- = ?! 325 (kNm) 

8 8 

Bieu do mo men uon dong dirac ve tren hinh 1.38c. 

Thidu 1.10: 

Xac dinh chuy^n vi lOn nhat cua he ket cau khung nha mot tang cho d hinh 1.39a he chiu 
tac dung cua tai trong song no co quy luat thay doi theo thoi gian cho tren hinh 1.39b, cho 
trirdtc: M = 3kNs 2 /cm, do ciimg dan hoi cua cac thanh dumg K = 18000 (kN/cm), 
P m = 4500 kN. 0 = 0,05.s. 



Hinh 1.39 



65 



- Chuyen vi Idn nhat cua he: 


y 


max 



5940 

18000 


0,33. cm 


§.8. DAO DONG CUA HE 1 Bi\C TIT DO CHIU TAC DUNG CUA TAI TRONG 
THAY DOITHEO THCH GIAN V 6 l QUY LU£T BAT KI 

1. Dao dong cua he trong trirdng htfp khong xet toi ltfc can 

Trong truong hop tong quat phuong trinh vi phan dao dong cua he mot bac tu do chiu 
tac dung cua tai trong thay doi theo thbi gian vdi quy luat bat ki la phuong trinh (1-5) 
vcfi c = 0 . 

My + Ky = P(t) (1-181) 

Hay: y + o) 2 y = ^-^ (1-182) 

M 

Nghiem tOng quat cua phuong trinh vi phan tren bao g 6 m nghiem thuan nhat va 
nghiem rieng. Nghiem thuan nhat irng voi phuong trinh vi phan co ve phai bang khong 
nhu da biet d cong thuc (1 -45): 


v 

y ln = y„ coscot + — sincot (1-183) 

o) 

Day chinh la thanh phan dao dong tu do do cac dieu kien ban dau y(o) * 0 va v(o) * 0 
gay ra. 

Nghiem rieng do tac dung cua tai trong co the tim duoc tren co so sir dung phuong 
trinh dao dong cua he chiu tac dung cua xung tire thoi (1-158). Ta xet tai trong dong d 
dang tong quat vdi quy luat bat ki tren hinh 1.40, tai trong P t co the duoc thay bang tdng 
cua cac xung phan to vd ciing be: 


ds = P(t) . dt 



I 


^ dt 
t - T 


Hinh 1.40 
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Ta xem rang tai then diem x tr6n h6 chiu tac dung cua xung phSn t£> ds. Do vong do 
tac dung cua xung phan to ds nay gay ra la: theo (1-161). 

dy (t) = P(x)dx.y (1 - x) = • sin co(t - x) (1-184) 

Moo 

D6 vong toan phdn do tai trong P(t) g&y ra la: 

y(t) = -J-£ P(x) sin co(t - x)dx (1-185) 

Mco 0 

Ti'ch phan (1-185) duoc goi la tich phan Duamen. 

Vay nghiem tong quat cua phuong trinh vi phan dao dong la: 

y(t) = y cos cot +—sin cot + —— f * P(x)sin co(t - x) dx (1-186) 

co Mco 0 

Phuong trinh dao dong (1-186) co the tim duoc bang each giai true ti6'p phuong trinh 
vi phan dao dong (1-82) theo phuong phap bien thien hang s6' Lagrangio hoac co the tim 
duoc nhd phep bien d6i Laplatxo. C) day khong trinh bay cac phuong phap nay. 


2. He so dong trong trucVng hop tong quat va bieu thufc lire dan hoi 

De tim he so dong theo thefi gian ta can bien doi phuong trinh (1-185) nhu sau: 


y(t) = ^ 2 • co P(t) sinco(t-x) dx = 8 n .co £ P(x)sinco(t-x) dx 

Neu thay P(t) = P m . f(t), trong do f(t) la luat thay doi theo then gian cua tai trong 
dong, thi ta se viet lax phuong trinh tren: 


y(t) = 5 n ,P m .co £f(x).sinco(t - x)dx 


Hay : y(t) = y T .co £f(x).sin©(t-x)dx 

Ta da biet bieu thurc ha so dong theo thbi gian (1-119) 


K(t) = 


y(t) 


y T 

Thay y(t) d (1-187) vao bieu thurc nay ta duoc: 

K(t) = co £f(x).sin co(t-x)dx 


(1-187) 


(1-188) 


He so dong: K d = 


^L,do do: 

y T 


K d = K(t)max = 


(co J l f(x).sinco(t-x)dx] 

’ 0 / max 


(1-189) 
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Chuyen vi cua khoi lupng neu viet theo he so dong hoc theo thdi gian: 

y(t) = y T • K(t) (1-190) 

Tat ca cac dang tai trong dong ngdn han da xet d §6 va tax trong difeu hoa da xet d §4. 
D6u la cac ham co quy luat nhat dinh theo thdi gian. Cong thuc xac dinh he so dong 
(1-189) co the ap dung doi vdi tat ca cac dang tai trong do. Dudi day chi xet tac dung 
cua mot so dang tai trong ddng. 


3. Tac dung cua tai trong dat dot ngot, sau do giu* nguyen gia trj tren he (hinh 1.41) 



Hinh 1.41 


Hinh 1.42 


Trong thuc te khi cong trinh chiu tac dung cua cac song xung kich do cac vu no hat 
nhan co thdi gian duy tri tai trong 9 ldn gap 15 lan chu ki dao dong rieng cua ket cau, thi 
bieu dd tai trong dong thay doi theo luat hinh tarn giac (hinh 1.42) co the bo qua thdi 
gian giam tai va tinh theo bieu do tren hinh 1.41 bdi vi trong trudng hop nay, bien dang 
cue dai cua he xay ra d ngay giai doan dau khi tai trong tac dung. 

Chuyen vi cua he tinh theo (1-185): 


y (t) = il' p - sinoj(t - x ) dT = 


sinox (t -t) do (t -t) 


^-(l-cos cot) 


Bieu thuc luc dan hoi dupe xac dinh tir tich cua do cung va chuydn vi dong: 

P„(t) - K.y(t) 

Thay y(t) theo (1.185) vao bieu thde tren: 

P (1 (t) = K .—— rP (x) .sinco(t-T)dT 
M.co A 

Bien doi, ta dupe: P d (t) = P m .K(t) 

Vdi K(t) la he so dong hoc theo thdi gian dupe xac dinh theo (1.188) 

Tai trong tinh tuong duong la luc dan hoi ldn nhat tac dung len he : 

P (J = P.-K d 


(1-191) 


(1.192) 
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Hay: y(t) = y T (1 - cosco t) (1-193) 

He so dong hoc theo thori gian xac dinh theo (1-188), voi f(r) cr day bang don vi: f(r) = 1. 

r . ft , . . . , 1 - COS Ot 

K(t) = o t l.sino(t — r) dx = o-=1-cos cot 

J ° CO 

Da thay rang he so dong: K d = K (l)max = 2 (1-194) 

Neu viet bieu there chuyfin vi cua khoi luong theo cong there (1-190) ta cung nhan 
duoc ket qua nhu pherong trinh dao dong (1-193). 

Dao dong ceia he duoc cho tren hinh 1.43. 

Tuong ter nhu xet dao dbng ter 
do khi ke den trong luong ban 
than (1-67), o phuong trinh 
(1-193) va do thi tran hinh 1.43 
ta thay: Dao dong cuOng berc cua 
he chiu tai trong dat dot ngot sau 
do giu nguyan tran he D dao 
dong ter do quanh vi trl can bang 
moi, each vi tri can bang ban dau 
mot khoang y T va vori bian do 
cung bang y T . 



Hinh 1.43 


4 . Tac dung cua tai trong dot ngot, sau do giu nguyen gia tri trong mot thcri gian 
ngan hinh 1.35 


P(t) = 


[P nl khi t < 0 

{ terong emg ta co: 

[0 khi t >0 


11 khi t < 0 
{ 0 khi t > 0 


Khac voi each trinh bay 6 §7, d day se tim phuong trinh dao ddng cua he va xac dinh 
he so dong ter he so dong hoc theo thcri gian K(t). 


- Xet trong khoang 1: t < 0 

He so dong hoc theo thcri gian duoc xac dinh theo (1-188) 

K,(t) =co £f(r)sinoj (t -x) dx = co l.sinco(t -x) dx = (1 -cosot) 
Phuong trinh dao dong cua he trong giai doan nay: 

P 

yi(t) = y T -K )t) =~- (l-cosot) 

Ket qua nay hoan toan deing voi cong there (1-170) o phan tren. 

De tim he so dong K d ta tinh dao ham cua K(t) va cho bang khong: 

K|(t) = osinot = 0 khi ot = mt 
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'p 

Suy ra: t = n — = n — Jan thti nhat t, m . 

0 ) 2 

Vi dang xet trong khoang 1 nen t lmax < 0 do do 

— < 0 , hay : — > 0,5 
2 T 


T 

Tai t, max = y • K t (t) = co 2 coscat < 0, ncn K,(t) dat cue dai 

Q 

Quail lie — >0,5 chinh la dieu kien de cue dai xay ra a khoang mot. 
Ung vefi t max = y ta co: K d = K(t) max = 2 


- Xet trong khoang 2 : l > 0 

Khi tinh tich phan he so K(t) tir khong den thcri diem t ot giai doan nay, ta phan ra hai 
tich phan: tich phan tu 0 den 0 tirong ung vdi ham f(t) = 1, va tfch phan tu 0 den t tuong 
irng voi ham fit) = 0. 

K(t) = ca j.' f(t)sinco(t-T) dT = co jJ Lsinca (t -t) dx + 0 = 


= cos ca (t-0)-coscot = 2sin^sinoo 



\ 

/ 


K Jt) = 0 khi 0 


f.-J 


— , lan thur nhat: 

2 


Tt 0 T 0 . T> . . _ „ , 

t, = -r— + — = —f — . Voi gia tri nay K 2 (t) <0, va do do: 


2w 2 4 2 


wO 


K c! = K inax (t) = 2sin — sin w - + - - - 


T 0 0 


_ . G>0 
2 sin—- 
2 


Gia tri he so dong nay hoan toan dung voi cong thurc (1-172) da co d phan lien. 


Phuong trinh dao dong cua he trong giai doan nay: 

P (00 ( 0 

1 - K 2 l 2) 

Khi xet dao dong cua he xay ra o khoang 2 ngudi ta con ticn hanh bang pliep them hot 
tiii trong. Tai tlibi diem mat tai t = 0. se dat them hai tai trong co gia tri bang P m nhung 
ngupc chieu nhau (hinh 1.44) luc nay dao dong cua he se bao gom: dao dong do tac 
dung cua tai trong P m da xet 6 khoang mot va dao dong do tai trong - P m bat dau tai thdi 
diem 0, ket qua ta cung nhan duoc dung vdi cac bieu thurc o cac phan tren. 
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p m 

0 


p m 

0 

p m 

Hinh 1.44 

5 . Dao dong ciia he Irong trifPng hop co cue can 

Trong trudng hop tong quat he co xet den luc can, phuong trinh vi phan dao dong la 
phuong trinh (1-5): 

My + cy + Ky = P(t), chia ca 2 ve cho M: 

y(t) + 2(oey(t) + co 2 y(t) = ^~ (1-195) 

M 

Nghiem rieng cua phuong trinh vi phan nay dupe tlm tren co so sir dung dao dong ciia 
he chiu tac dung ciia xung turc thoi tuong tu nhu 6 muc tren. Tai thdi diSm t tren bieu do 
tai trong dong theo thoi gian P(t), ta tach ra mot phan to tai trong: 

ds = P(x)dx 

Phan to tai trong nay g^y tac dung xung len he tai thoi diem t. Dp vong do xung phan 
to do gay ra dupe viet theo (1-161): 

dy(t) = P(t)dT.y(t-T) = ^^e-° ,s(, - T) .sin£o c (t-t) 

Mo\ 

Do vong toan phan do tai trong P (l) gay ra: 

y(t) = ———j' P(T)e" we(,-T> . sin co L . (t — x) dt (1-196) 

Mco c 1 

He so dong hoc thay dpi theo thoi gian trong truong hop nay la: 

2 

K(t) = — f f(x).e” l ' ,E<l_t) .sincd (t-x)dx (1.197) 

co c A> 
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Khi dieu kien ban d^u khac khong y(o) * 0, v(o) * 0 ta phai ke den thanh phan dao 
dong tu do do dieu kien ban dau gay ra. Nghiem tong quat cua phuong trinh vi phan dao 
dong (1-195) se la: 


y(t) = e“ 0,El 

1 


© £ y 0 + v_ . 

y 0 cos co c t +---- sm©,.t 


co. 


f' P(T)e " )e(t . sin ©,.(t-x) dx 

M© t . Jo 

Phuong trinh nay tuong dirofng vdi phuong trinh (1-186) khi tinh he khong den anh 
huong cua lire can. 

6. Xac dinh tich phan so Duamen 

O cac phan tren ta da xet cac truong hop dao dong cuong birc khi tai trong dong tac 
dung P(t) co the bieu dien dupe ducri dang giai tich va da nhan dupe nghiem tong quat 
duoi dang cac tich phan true tiep (1-186) hay (1-197). Trong da so cac trucmg hop thuc 
te tai trong dong duoc xac dinh true tiep tir ket qua cua cac s6 lieu thi nghiem do duoc 
va dao dong trong cac truong hop nay se duoc tinh bang cac phuong phap so. 

Sir dung cong thuc luqng giac: 

sin (cot - cox) = sincotcosoox - cos©xtsin©x 

Ta se viet lai tich phan Duamen (1-185) 6 dang sau (khi dieu kien ban dau bang 


khong): 



y(t) = 

l r l 

Sin 03 t- P(t) COS 03 T dx — COS 03 t- 

M© Jo 

M© 

Hay: 

y(t) = A(t).sin©t - 

B(t)cos©t 

Trong do: 

A(t) = —p- 



[ P(x)coswxdx 


M© ■ 

m 

> 


B(t) = —J— 1 

\ P(x)sin©xdx 

0 


M© J 


(1-198) 


(1-199) 


Nhu vay viec xac dinh tich phan Duamen se dan den viec tim cac tich phan A(t) va 
B(t). De xac dinh cac tich phan nay ta dung cac phuong phap gan dung. Gia sir can tich 
phan A(t) cua (1-199). Dat: 

f(x) = P(x).cos©x 

1 


Thi: 


A(t) = 


Id f ( T ) dT 


( 1 - 200 ) 


M© 

Chia khoang can lay tich phan thanh nhieu doan co khoang each deu nhau va bang Ax. 
Gia tri cac dai luqng P(x), cosmx va gia tri cua ham f(x) ling v6i cac diem chia duoc xac 
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dinh (hinh 1.45). Tfch phan c£n tim £ f(-c) dr chmh la dien rich cua do thi ve dirac tren 
hinh 1.45c. 




Hinh 1.45 

Neu xem ham s6 f (T) bien thien theo quy luat dubng thang song song voi true t tit m6i tung 
do thi ta co the dung cong thirc gan dung don gian sau dfi xac dinh tfch ph&n (1-200): 

C f ( T )dx = At [f 0 + f, + f 2 +... + f n _ 2 + f n _, ] (a) 

Neu xem ham bien thien theo quy luat dirctng thang noi giua hai tung do ta co the 
dung cong thirc hinh thang: 


C fWdT=y (f 0 +2(f, +f 2 +... + f„_,) + f n ] 
[+2 (f 2 + f 4 +... + f n _2 ) + f n ] 


(b) 
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Neu xem ham f(t) bien thien theo quy luat parabol di qua 3 tung do cua cac doan chia 
ke tiep nhau, ta co the dung cong thtfc Simpson (vdi doan chia la chan). 

L=yK +4 < f l +f 3 + - +f "-l +2 ( f 2 +f 4 + - + f n-2) + f n] ( C ) 

Trong cac cong thuc gan dung tren cong thuc Simpson cho ket qua chmh xac hon, neu 
dung cong thuc Simpson vdi so doan chia bang 2 ta se co: 

C f(T)dT=^(f„ + 4f l+ f 2 ) 

Ap dung cong thuc nay vao bieu thuc (1-200) ta duqc: 


Trong do: 


A (t) -G(f 0 + 4f, +f 2 ) 


G = 


At 

3M© 


( 1 - 201 ) 

( 1 - 202 ) 


Bieu thuc ti'ch phan day du khi tinh den thbi diem t bat ki bao gom bieu thuc Simpson 
tinh vdi hai doan chia cua thoi diem t, va gia tri ti'ch phan truoc do, nghla la: 

A(t) = G[A(t - 2 At) + (f(t - 2At) + 4 f(t - At) + f(t)] (1 -203) 


Ti'ch phan B(t) cua (1-199) hoan loan duoc xac dinh tuong tu nhu vdi ti'ch phan A (t) . 
Thi du I.1I: 


Ti'nh dao dong cua thap nude chiu tac dung cua tai trong do song n6 cho tren 
hinh 1.46. Xac dinh cac chuyen vi va luc dan hoi tuong ufng theo thefi gian. Cho trong lupng 
cua thap G - 43,7 kN, dp cung dan h6i cua cot thap K = 402 kN/cm, P m = 43,7kN. 


y(tU 




0,025$ 

0,025S 




a) 


b) 


Hinh 1.46 


Ta chia thoi gian ra 10 khoang voi A = 0,005.s. Ket qua qua tiinh ti'nh toan cho o 
bang (1.3). 
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Xac djnh tan so dao dong rieng 


to =, 




437 


Xac djnh he so G theo (1-202) 

Ax Ax.to 0,005.30 

G — 


= 1,243.10" 4 (cm/kN) 


3Mto 3K 3.402 
De tien lap bang ta dua vao ki hieu: 

A(t) = f(t-2Ax) + 4f(t-Ax) = f(t) 

A(t) = A(t-2Ax) + A(t) 

Nhuvay: A(t) = G.A(t) 

Sau khi ket thuc sir tac dung cua tai trong, he se chuyen sang dao dong tu do. Cac dai 
lircfng A(t) va B(t) tai thoi diem ket thuc tai tiong tac dung chfnh la cac he so cua phuong 
trinh dao dong tir do. Neu ki hieu cac he so cua gia trj tich phan do la A* va B*. thi dao 
dong tu do ducri tac dung cua tai trong n6 se la: 

y(t) = A* sin tot -B* cos tot, va bien do dao dong 

y m .,V(A*) 2 +(B*) J 

Trong trudng hop xet den anh hubng cua lire can, do vong do tai trong gay ra duoc 
xac djnh theo (1-196): 

1 


y(t) = 


Mto,. 


j: «oc 




sinto(t-x)dx 


Viec xac djnh so tich phan Duamen duoc tien hanh vdi cac tich phan A (t) va B (0 co 
dang sau: 


A(t) = 
B(t) = 


1 


Mto c 

1 

Mto,. 


f e EI 

L 

f‘ P(x) 

Jo 


costoxdx 


-. sin to,.xdx 

coil <- 


(1-204) 


Neu dung cong thuc Simpson tuong tu nhu bi^u thurc (1-203) voi truemg hop co luc 
can ta co: 

A(t) = |A(t - 2Ax) + [ P(t - 2At). cos to c (t-2Ax)3 e " Eta2 ^ + 

+ 4P(t - Ax). costo c (t-Ax)e _a ' lAT + P(t)cosco c t} 


> 3Mco.. 


(1-205) 
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Bang 1.3 


T 

0,00 

0,005 

0,010 

0,015 

0,020 

0,025 

0,030 

0,035 

0,040 

0.045 

0,050 

P(T) 

0 

87.52 

175 

262,5 

350 

437 

350 

262,56 

175 

87,5 

0 

sin cot 

0 

0,15 

0,255 

0.435 

0,564 

0,677 

0.783 

0,870 

0,932 

0.976 

0,997 

cos o t 

1 

0.989 

0,955 

0,901 

0,826 

0,736 

0,622 

0,493 

0.363 

0,220 

0,0715 

P(t) cos cot 

0 

86,56 

167,1 

236,56 

289,1 

321,6 

217.7 

129,4 

63,52 

19,25 

0 

He so a 

1 

4 

1 

4 

1 

4 

1 

4 

1 

4 

1 

aP(i) cos cox 

0 

346,24 

167,1 

946.24 

289.1 

1286,4 

217,7 

517,6 

63,52 

77 

0 









798,55 


140,5 


A(t) 


513.3 


1402,4 


1793,2 






A(t) 

0 


513,3 


1915,7 


3708,9 


4507,4 


4648 

ACt) 



0,0638 


0,02381 


0,461 


0,56 


0,578 

P(t) sin ax 

0 

13,13 

51,63 

114,21 

197,4 

295.85 

274,05 

228.43 

163,1 

85,4 

0 

He so a 

1 

4 

1 

4 

1 

4 

1 

4 

1 

4 

1 

aP r sin cot 

0 

52.52 

51,63 

456.8 

197,4 

1183,4 

74,05 

913,72 

163,1 

341,6 

0 

B(t) 


104,15 




1654,85 


1350,87 


504,7 


B(t) 







2465 


3816 


4321 

B(t) 



0.01295 




0.306 


0,474 


0,537 

A(t), sin cox 

0 


0,0188 




0,361 


0.522 


0.576 

B(t), cos COT ' 

0 


0,01237^ 


0,0832 


0,19 


0,177 


0,0384 

y(t) cm 

0 


0,064 


0,051 


0,171 


0,35 


0,537 

Fd = Ky (kN) 

0 


2,57 


20.54 


68.74 


140,7 


216,11 


Do chinh xac cua nghiem phu thuoc vao gia tri cua budc thdi gian At; thong thudng 


chon Ax < — se cho phep cac ket qua tinh toan thoa man do chmh xac yeu cau. 

Tom lai, tit nhitng noi dung ditoc trinh bay 6 tren, ia cd the dita ra trinh tit tinh toan 
he mot bac tit do chiu tdc dung cua tai trong dong nhitsau: 

1. Xac djnh tham so cua tai trong dong, tdc la ta phai bieu thi dupe quy luat cua tai 
trong dong thay doi theo thofi gian, hoac ghi dupe cac so lieu tai trong dong theo cac 
bude thdi gian: 

2. Xac dinh cac dac trung dong hoc va tinh chat dan h6i cua ket cau cong trinh: Tir so 
d6 ket cau va khoi lupng ta xac dinh dupe chuydn vi va do cung cua he, sau do xac dinh 
dupe tan so dao dong rieng va chu ki dao dong rieng. 

3. Xac dinh tai trong tinh tucrng duong tac dung len he: 3 trudng hop 

- Vdi tac dung cua xung tuc thdi: 

q 

P td = S . to, irng voi trudng hop khi ^ < 25% 
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-Vdi tai trong ngSn han: 

q 

P [d = K d . P m ung vdi trudng hop khi — > 25 %; 

Trong do: He so dong K d duoc tra theo bang 1.1, 1.2 hoac do thi hlnh (1.36). 

-Vdi tai trong dong co quy luat bat ki: 

P td = K d . P m , trong do: K d = K(t)max 

Va: K(t)= co £ f(T)sinco(t-T)dx 

Khi he chiu tac dung cua tai trong dieu hoa: 

K d = —; Trong do: p = — 

1-p 2 w 

4. Tinh noi luc va chuyen vi trong he chiu tac dung cua tai trong tlnh tuong duong P.d 
da xac dinh a bucfc tren nhu he chiu tai trong tlnh thong thucfng. 

Khi tinh dao dong cua he bang phirong phap so, chuyen vi va luc dan hoi cua he se 
xac djnh tuong ung vdi cac budc thdi gian trong qua trinh he dao dong duoc tien hanh 
theo cac budc cho tren bang (1.3) doi vdi he khong xet den anh hudng cua luc can; Khi 
xet toi luc can, cac budc tinh cung tien hanh tuong tu. 
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Chtrong 2 

DAO D0NG CUA HE CO HtfU HAN BAC Til DO 


Trong thurc te tinh toan kl thuat ta hay gap bai toan tilth he dao dong hflu han bac tu 
do. De tien Ipi cho viec bieu thi cac phep tinh va ap dung dupe cong cu may tinh dien tu, 
trong chirong nay se trinh bay cac noi dung dudi dang ma tran. Viec sir dung ngon ngfir 
ma tran trong cct hoc da tro nen ngay cang rong rai, bieu hien a viec ap dung cac phuomg 
phap tinh nhu phuofng phap phan tu huu han, phuctng phap ma tran chuyen tiep va nhieu 
cac phuong phap gan dung khac. 

§1. KHAI NI$M v£ MA TRAN GUNG VA MA TR^N M^M 

Xet he dam hinh 2.1a tai cac vi tri 1, 2...n he chiu tac dung tuctng ting cua cac luc P t , 

P 2 ,... P n . 

Chuyen vi tai vi tri k dupe xac dinh theo nguyen If cong tac dung: 

Yk = 5 kl P 1 + 5 k2 P 2 + ••• + 5 kk P k + - + 5 kn P n 

k = 1, 2,... n; 



Hinh 2.1 

Viet cho tat ca cac vj trf ta co: 
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( 2 - 1 ) 


y, =5 n P, + 8 I 2 P 2 +... + 8 ]n P n 
y 2 = 8 2 iP| + 822 P 2 + ••• + S 2 n P n 


y„=5 nl P 1 +8 n 2 P 2 +... + 8 nn P n J 

Ta viet phiromg trinh (2-1)6 dang ma tr4n: 


Vi' 


"fin 

8|2 

•• 8 ln “ 


p . 

y 2 


6 2l 

5 22 • 

- §2„ 


P 2 


* — 




< 

> 

,y„. 


A. 

S„2 • 

- s nn 


P n. 


Hay: {Y}=[f]{P) 

Trong do: 



Vi' 
. y2 

{p)=- 



,y n . 

'»u 

8 i2 

P „. 

S. n 

[F] = 

8 21 

6 22 ... 

S 2 „ 


A. 

§n2 - 

5 nn 


{Y} - vec to chuyen vi; 

{P} - vec to tai trong tac dung. 


( 2 - 2 ) 


(2-3) 


[F] dupe goi la ma tran m 6 m. Cac ph&n tu cua ma tran do mem 5 km (k = 1,2, ... n 
m = 1,2, ... n) la cac chuyen vi don vi dupe xac dinh tr 6 n hinh 2.1b. Vi 6 km = 6 mk nen 
ma tran [F] La ma tran doi xung. 


Ngupc lai ta co the viet: 


p i = r M yi -t-r i 2 y 2 +-+r, n y n 

P 2 = r 2iy 1 + r 22y2 + - +r 2 n y n 


P n = r niyi + r n 2 y 2 + -+ r n n y,, 

{ p } = [k] {y} 




r n 

r 12 

• hn 

Trong do: 

[K] = 

r 21 

r 22 - 

" r 2n 



Jnl 

r n2 

" Inn 


(2-4) 

(2-5) 
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Ma tran [K] dupe goi la ma tran cung. Cac phan tit cua ma tran do cling r km (k = 1,2,n; 

m = 1, 2.n) goi la he so do cung, la luc tuong ung o' toa do k do chuy6n vi don vi tai toa do 

m gay ra. (Xem hinh 2.1c). VI r km = r mk nen ma tran [K] la ma tran doi xung. 

DP thay ring ma tran do cung la ma tran mPm nghich dao va ngupc lai: 

M-M". M-M" 

DiPu nay nhan dupe do viec nhan trai hai ve cua (2-4) vai [K]' 1 roi the vao (2-2) hoac 
nhan trai hai ve cua (2-2) vPi [F]' 1 roi the vao (2-4). 


§2. XAY DUNG PHUGNG TRINH VI PHAN DAO DONG HE HUH HAN BAC TIT 
DO THEO PHUONG PHAP TINH 


Xet he dim co n khoi lupng tap 
trung. He chiu tac dung cua tai 
trong dong P,(t), P 2 (t),...P n (t). Bo 
qua trong lupng ban than dam khi 
dao dong, vi tri cua m6i khoi lupng 
dupe xac dinh bang mot thong s6' 
la chuyen vi theo phuong dirng. Vi 
vay he co n bac tu do (hinh 2.2a). 

Trudc het ta xet trucmg hop bo 
qua anh hudng cua luc can. Ta se 
viet phuong trinh can bang luc voi 
viec sir dung nguyen If Dalambe, 
trong do cac luc dat vao khoi lupng 
bao gom: tai trong tac dung, lire 
quan tmh va luc dan hoi hinh 2.2b. 

Phuong trinh can bang luc doi 
voi khoi lupng thu K: 



Hinh 2.2 


Trong do: 


P k + P k ( , = P k (t) 


( 2 - 6 ) 


P M = -m k y k (t) 

P k.d = fklYl + >k 2 y2+- + |-kn y n 
Thay cac bieu thuc nay vao phuong trinh (2-6) ta dupe: 


m kykO) + (r ki y, +r k2 y 2 + ... + r kn y„) = P k (t) (2-7) 

(k = 1 , 2 ,..., n) 
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Phuong trinh (2-7) duoc viet cho tat ca cac khoi lircmg ciia he nhu sau: 

m iyi +( r iiyi +r i2y2 + - +r iny n ) ==p i( t ) 
m 2 y 2 +(r 2J y, + r 22 y 2 +... + r 2n y n ) = P 2 (t) 


m n> : n + (r nl y, + r n2 y 2 +... +r nn y n ) = P n (t)J 
Ta viet he phuong trinh (2-8) a dang ma tran: 


m l 

0 . 

.. 0 ' 


y/ 


r i i 

r 12 

• r ln 


y/ 


p.o) 1 

0 

Ill 2 . 

.. 0 

< 

y 2 

> + 

r 21 

f 22 

- r 2n 


y 2 

- = < 

p,(t) 

*■ 

0 


™n_ 


,v 


_ r nJ 

f n2 

r nn_ 


,y n . 

! 

p„(t). 


Hay co the viet gon hon: 

[M]{Y(t)} + [K]{Y(t)}={P(t)} 


( 2 - 8 ) 


(2-9) 


Trong do: [K] - ma tran do cung xac dinh theo (2-5); [M] - ma tran khoi luqng hay ma 
tran quan tfnh ([M] la ma tran cheo): 


[M] = 


m, 0 
0 m 2 
0 ... 
0 ... 


0 

0 

0 

m„ 


( 2 - 10 ) 


Va: 


M- 


y,(t) 


yi(o' 


p,(t> 

y->(0 

< 

• (Y(l)} =. 

y 2 ^) 

{P(t)}=< 

p 2 (t) 

> 

.y n ( { ). 


,y n (t)j 


.Pn( l ). 


( 2 - 11 ) 


Phuang trinh (2-9) goi la phuong trinh vi phan dao dong cua he n bac tu do viet diro'i 
dang ma tran. 

Khi ke den anh huong cua lire can. phuong trinh (2-9) se la: 

[M]{Y(t)} + [c][Y(t)} + [K]{Y(t)} = {P(t)} (2-12) 

Trong do: [C] - ma trail can, hay ma tran tit dan: 


(2-13) 



c ll 

C 12 

- C ln 

[C] = 

C 2t 

C 22 

... c 2n 


, C nl 

C n2 

^ nn J 


81 




Cac phan t£r cua ma tran tit din c km goi la cac he so anh hudng tit dan, la luc tucfng 
ting vcri toa do k do toe do chuypn dich don vi tai toa do m gay ra. 

yi(0] 


{*«>} 


y 2 «) 


y n (0 


l la vec to toe do chuyen dich cua he. 


Phirong trinh (2-12) chfnh la dieu kien can bing tinh hoc ciia ca he: 


{-P tl (t)} + {P c (t)} + |P d (t)} = {P(t)} (2-14) 

Trong do luc quan tinh, lire can, luc dan hoi lan lupt la: 

{P q (t)}=[M]{Y(t)} (2-15) 

{P t (0} = [c] {Y (t)} (2-16) 

{P<j(t)} = [K] 1Y (t)} (2-17) 

Phuong trinh (2-12) con goi la phuong trinh vi phan chuyen dong 6 dang thuan. Viet 
mot hang cua he nay ta co: 

m k y k (t) + ickjyj(t) + t r kj Vj(t) = P k (t) (2-18) 

j=i j=' 


Phuong trinh vi phan chuyen dong con viet dupe 6 dang nghich nhu sau: 


y t (0+Z 1 1 5 kj F i.c =£ 8 kj Pj(t) 

j=i j=i i=i 

Hay: y k (t) + 5 kl fm l y ] (t) + P t;t (t)-P 1 (t)] + 6 k2 [m 2 y 2 (t) + P c2 (t)-P 2 (t)] + 


(2-19) 


+ ... + 5 kn [m n y n (t) + P cn (t) - P n (t)] = 0 

Khi xem luc can theo gia thiet luc can trong fi dan hoi ciia Xorokin (§4 chuong 1), 
phuong trinh vi phan chuyen dong 2-18 se co dang: 


m k y k (t) + | l + £)t r kj yj (t) = P k (t) 


( 2 - 20 ) 


Trong do: 6 - do suy giam loga. 

Viec tinh luc can theo gia thiet XProkin se tao nen lire can tong hop la ding there 
tuyen tinh vdi luc dan hPi. Dieu do cho pliep kha nang tinh dao dong cuong biic cua he 
voi luc can trong fi dan hoi trong pham vi li thuyet tuyen tinh. 


§3. XAY DUN(I PHl/ONG TRINH VI PHAN DAO DONG HE HUtJ HAN BAC TU 
DO Ttr NGUYEN IT HAMINTON 

Co the ap dung nguyen li bien phan dong hoc Haminton d^ thiet lap phuong trinh vi 
phan dgo dong cua he hiiu han bac tu do thong qua phuong trinh chuyc-n dong Lagrang - 
TruPc het ta se xay dirng phuong trinh chuyen dong Lagrang tir nguyen li nay. 
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1. Phirang trinh chuyen dong Lagrang 

Bidu thufc cua nguyen If Haminton nhu da biet a phin md dau (M-6) 


(j 2 5(T-U)dt + j‘ 2 5Rdt-0 


( 2 - 21 ) 


Trong do: 8T, 8U la bien phan dong nang va bien phan the nang cua he, 8R la bien 
phan cong phan to cua tai trong va lire tat dan. 

Doi vdi da so cac he co hoc va nhat la cac he ket cau xay dung, dong nang cua he co 
the bidu thi qua cac toa do tong quat va cac dao ham bac nhat cua chung theo thdi gian; 
con the nang cua he chi bidu thi qua cac toa do (chuyen vi) tong quat. Bien phan 8R co 
the bieu thi qua cac ham tuyen tinh doi vdi cac bien phan cua cac toa do tong quat: 


T = T(y 1 ,y 2 ,...,y n ;y 1 ,y 2 ,...,y n ) 1 a 

U = U(y, , y 2 ,..., y n ) ► b 

8R = R, 8y, + R 2 8 y 2 +... + R n 8 y n j c 


( 2 - 22 ) 


Trong do cac he so R,, R 2 ,... R n la cac ham luc tdng quat tuong ung vdi cac toa dd y,, 

y*- y„- 

The cac bieu thuc (2-22) vao phuong trinh (2-21) ta duoc: 

fl2 |7cT s oT 5T a 8T _. 5T 

L yi + ^r 5 y2 + - + *r 8 y.> +^s yi + 18 y 2 +•■■+ 

*' V ^yi ^2 dy n dy, dy 2 


+ ^"JT^ 5y ' + sy7 6y!+ '- + ^: 8y “J + 

+ (R, 8y, + R 2 8y 2 + ... + R n Sy n ]dt = 0 (2-23) 

Lay tich phan tirng phan doi vdi cac so hang phu thuoc vao toe do d phuong trinh tren: 


dT x . . 5T 
T—5yi dt = —Sy, 

fy, 5y, 


f i2 5 [ 0T | s 4 

f 1 — - 8y ; . dt 

dt (dyj 


(2-24) 


Thanh phan dau tien d ve phai cua phuong trinh (2-24) bang khong vi: 8y ; (t,) - 8y, (t 2 ) - 0. 
Do dd phuong trinh (2-23) duoc viet lai sau khi the (2-24) vao phuong trinh dd: 


a f ct ) ar au _ _ . n 

* hr + rr~rr + R i s yi Vdt = o 


rii J V u u 1 Ul 

'• I h & idyj J + ayi dy- 


(2-25) 


Vi tat ca cac bien phan 8y, (i = 1,2, ..., n) la liiy y nen trong trudng hop tong quat 
phuong trinh (2-25) se thoa man khi bidu thuc trong ngoac bang khong, nghla la: 


d (&Y\ cT au „ 

^_ . _ _ _ _ __ 

& l^yj 5y; 


(2-26) 
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Phuong trinh (2-26) la phuong trinh chuyen dong Lagrang. Phirong trinh nay la ket 
qua su dung true tiep nguyen If bien phan dong hoc Haminton, trong do cac thanh phan 
mo ta bien phan ham nang lupng va cong cua luc ngoai va luc giam chin dupe bieu thi 
qua cac toa do tong quat va cac dao ham cua chung theo thbi gian. 

Phuong trinh Lagrang duoc ap dung rong rai trong nhieu llnh vuc khoa hoc va ky 
thuat, no duoc ap dung voi tat ca cac he tuyen tfnh va phi tuyen. 

Thi du 2.1: 

Xay dung phuong trinh vi phan dao dong cua he cho d hinh 2.3. He gom mot thanh 
cung co khoi lupng M, chieu dai /, thanh nay dupe noi lien v6i mot thanh khong trong 
lupng co do dai / vdi dau bi ngam chat. Khoi lupng chiu tac dung cua tai trong dong 
phan bo d^u co quy luat thay doi theo thdi gian f(t). 

Ta xem chuyein vi theo phuong dufng tai hai diem dau thanh cung (diem 1 va diem 2) 
la cac toa do tPng quat (chuyen vi y,(t) va y 2 (t)). 



a) 



Dong nang toan phan cua thanh cung (khoi lupng M) bang tong dong nang cua 
chuyen vj thing va chuyen vi quay: 

T = ^-My^(t) + jJ„d 2 (t) (a) 

Trong do: 

1 

y M (0= — (y t + y 2 ) » J 0 = M-(la mo men quan tinh cua thanh cung), 

_ 2 _ 12 

dt (t) = y(yi - y 2 ) • Thay cac bie’u thufc nay vao (a) ta dupe: 


T = —M 
2 


yi+y 2 

2 


1 M/ 2 


M .2 . . .2 

— (y t +yiv 2 +y 2 ) 
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Ta coi cac chuyen vj y,(t), y 2 (t) dupe tinh t£r vi tri can bang tlnh ban dau bang khong, 
vi the the nang chi dupe tinh do nang lupng bien dang rich luy trong he. Co the xac dinh 
the nang tir ma tran cutag va cac chuyen vi nhu sau: 

Luc dan hoi: {P d } = [k] {y} 


Trong do: 


The nang cua he: 


r n r i2 
f 21 *22. 


M= 


U {Y} T {P a } =|( y } T [K1{Y} 


u = |iy,.y 2 ) 


r n r ,2 y t 1 


r 2t r 22 J ly 2 


~ 2 ( r ny? + 2 r 12 y,y 2 + r 22 y|) 


Tinh bien phan 8R: 


5 yi+5y 2 ^ _q- f (t)- / 


6R = (q.f(t)./) 


So sanh bieu thuc nay voi (2-22c), ta duoc: 


(8y, + 8y 2 ) 


R, (t) = R 2 (t) = ——f(t) (d) 

The cac bieu thuc (b), (c), (d) vao phuong trinh Lagrang (2-26) ta nhan duoc phuong 
trinh vi phan dao dong cua he: 

~ (2yi + y 2 )■*• r,,y, + r l2 y l2 = ^- f(t) 

6 2 (e) 

M ql 

— (y 1 +2y 2 ) + r I2 y,+r 22 y l2 =y f(t) 

2. Phuong trinh vi phan dao dong tong quat 

Doi voi cac he ket cau dan hoi khi dao dong, dong nang va the nang cua he co the 
bieu thi dupe 6 dang toan phuong, trong do the nang la dang toan phuong cua chuyen vi 
(ung vpi cac toa do tong quat), dong nang la dang toan phuong cua toe dp: 

W)='-i Ir ij y i (t)y j (t) 

^ j=] i=l 


T (t) = - £ Zm^id) yj (t) 

1 j=l i=l 
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De nhan duoc phuong trinh vi phan dao dong he n bac tu do dudi dang ma tran tit 
phuong trinh Lagrang ta bieu thi dong nang va the nang 6 tren dudi dang ma tran nhu sau: 


u = j{y| t [k](y} 

t =|W t [ k 1W 

Vdi cac he ma dong nang co dang toan phuong thi: 


cT 

ay; 


= 0 


Phuong trinh Lagrang Luc nay se co dang: 


d_ 

dt 




3*1 




The (2-27) va (2-28) vao phuong trinh (2-29) ta dime: 

[M]{Y} + [K] {Yj={R(t)} 


(2-27) 

(2-28) 


(2-29) 


(2-30) 


Tur cac phitofng trinh (2-29) va (2-30) ta nhan thay rang: lire dan hoi chinh bang dao 
ham ciia the nang theo chuyem vi, con lire quan tinh bang dao ham cua dong nang theo 
toe do lai dao ham tiep theo thdi gian. 


Bien phan cong phan to cua ngoai lire va lire giam chan: 5R = ^ R,S y, , trong trudng 

i=l 

hop tong quat khi he chu tac dung cua tai trong dong: 

Ri =Pi - ic.Vj (2-31) 

j=i 

Trong do: Cy la he so ciia ma tran tat dan [C], 

The bieu thuc (2-31) vao phuong trinh (2-30) ta duoc: 

[M]{Y(t)} + [C] {Y t } + [K] {Y(t)} = {P(t)} (2-32)) 

Phuong trinh nay hoan toan triing vdi phuong trinh (2-12) nhan duoc bang phuong 
phap can bang luc vdi viec su dung nguyen If Dalambe. 


§4. XAC DINH TAN SO DAO DONG RIENG HE HUU HAN BAC TU DO 

Trudc het ta xet dao dong cua he khong tinh den anh hudng cua luc can, phuong trinh 
vi phan dao dong tu do ciia lie huu han bac tu do khi khong co luc can nhan duoc tit 
phuong trinh (2-12), trong do ma tran tat dan va vec to tai trong bang khong. 

[m]{y}+[k] {Y,} = {0} (2-33) 
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Trongdo: {0} la vecto khong. 

Tuong tu nhir d he mot bac tit do, dao dOng tu do cua he hint han bac tit do cung duoc 
xem la dao dong di£u hoa don gian. 

{Y(t)} = {A}sin (lot + y) (2-34) 

Trong do: {A} - la vec to bieu thi bien do dao dong cua lie; to - tan so dao dong 
rieng; y - La do lech pha. 

Viec phan rich dao dong tir do cua he huu han b(tc tu do la viec xac dinh cac di6u kien 
d£ phitong trlnh (2-33) cho phep he ton tai dao dong. Tit dieu kien do ta se tlm duoc cac 
tan so dao dong rieng cua he. 

Lay dao ham bac hai bidu thurc (2-34) ta se nhan duoc gia toe dao dong tu do. 

{Y(t)j = -to 2 1 A} sin (lot +y) = -o 2 {Y(t)} (2-35) 

The cac bieu thurc (2-34) va (2-35) vao (2-33) ta nhan duoc: 

- 0 ) 2 [M]{A}sin (tot +y) + [K]{A}sin (ot + y) = {o} 

Suy ra: 

([K]-co 2 [M]){Y(t)} ={0} hay ([K]-to 2 [M]) {a} = {0} (2-36) 

De he ton tai dao dong (A} phai khac khong. 

Dieu do dan den: Dinh thurc chda cac he s6 cua phuong trinh (2-36) phai bang khong; 
nghla la: 

|[K]-o) 2 [M]| = 0 (2-37) 

Phuong trinh (2-37) duoc goi la phuong trinh tan so cua he huu han bac tu do. Khai 
trien dinh thirc (2-37) ta se nhan duoc phuong trinh dai so bac n do'i vdri to 2 . 

Giai phuong trinh nay ta se xac dinh duoc n nghiem: (« 2 , co 2 ,...o) 2 ). Cac gia tri 
nghiem nay bidu thi gia tri binh phuong cac tan so cua n dang dao dong rieng. Vec to bao 
gom tat ca cac kin so dao dong rieng xep tlieo thi? tu tang dan (a\ < Oh < < .. < co n ) 

duoc goi la vecto tan so dao dong rieng (va con goi la pho tan so). 

“i 
0>2 
CO, 

Tan so dao dong rieng thap co, goi la tan so co ban. 



(2-38) 
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Co the thi'y them ring: Tit ca cac ma tran khoi luong va ma tran cirng cua he ket cau 
bat ki deu la cac ma tran doi xung va xac dinh duong. VI viy, tat ca cac nghiem cua 
phucmg trinh tan so deu la thuc va ducfng. 

Phucmg trinh tan so co the viet duofc dudi dang ma tran m6m. Muon vay, ta nhan trai 

hai ve cua (2-36) vdi ma tran -^[Fl ta se nhan duoc: 

' co 


[[F][M]--i-[E]]{A}={0} (2-39) 

Trong do: [E] la ma tran don vi cap n. 

Phucmg trinh tin so ung vdi phucmg trinh (2-39) se la: 


[f][m]-4[e] 

(0 


= 0 


(2-40) 


Cac phucmg trinh tin so 2-37) va (2-40) duoc viet dudi dang giai tich nhu sau: 


(r M -co 2 m,) r 12 

| r 22 ~~ ® m 2 ) 


l 2\ 


1 n 1 


In 


2n 


Va 


r n2 - (r„n-W ? ' m n) 


= 0 


(2-37)' 


* _± 

°ll 7 

or j 
8 21 m, 


6 m m i 


6 12 m, 


5 12 m 2 2 

CO , 


5 n2 m 2 


5 i n m n 


5 2n m n 


{ 


1 


\ 


5 n n m n- 2 
V (0 ) 


= 0 


(2-40') 


§5. XAC DINH DANG DAO DONG RIENG HE HOU HAN BAC TDDO 

Tuong ung vdi cac gia trj tan so dao dong rieng Oj (i = 1, 2,...n) ta se xac dinh cac 
dang dao dong rieng {A;) (hoac (Y;} tit phucmg trinh (2-36) hoac (2-39). Viec xac dinh 
cac tin so dao dong rieng va cac dang dao dong rieng dong vai tro rat quan trong trong 
bai toan dao dong cua he huu han bac tu do. 
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D6 xac djnh cac dang dao ddng rieng, ta dua vao ma tran [BJ ting vdi tSn so dao dong 
rieng tOj. Dang dao dong rieng ring vdi tan so dao dong rieng coj goi la dang dao dong 
rieng thu i, hay dang chmh thCr i. 


[B,] = ([K]-«,f[M]) 

Hay: [B,] = ^[F] [M]--k[E]J 


(2-41) 

(2-41)' 


Khi do phirong trinh (2-36) viet ring vdi tan so se co dang: 

[B,]{Y.(t)} ={0} hay [Bj {Aj ={0} (2-42) 

Muon xac dinh cac dang dao dong rieng, ta khong nhat thiet phai tim true tiep cac gia 
tri bien do cua cac khoi luong, ma ta chi can tim ti so bien do cua cac khoi luong so vdi 
bien do cua mot khoi luong nao do, thudng la so vdi bien do cua khoi luong thri nhat. Ti 
so do ta goi la (p. 


<Pki = 


A-ki 

A|i 


(2-43) 


Duong nhien ta d6 thay tp n = 1. 

Nhu vay, dang dao dong rieng thu i chmh la vecto co cac phSn tir la cac ti so (p ki do: 




w 


f 1 ' 

92 i 


<P 2i 

... 

> = < 

9si 

9ni, 


,<Pni, 


(2-44) 


D6 tim cac dao dong rieng, ta chia hai ve cua phuong trinh (2-42) cho he so A, j ta co: 

'O' 


Hay: 



h (i) 

D )1 

h (i) 

°12 

... 

bg 

t 

h (i) 

°2I 

u(») 

°22 

b (i) 

°23 

b 2 n 

Aji 

h (i) 

D ^\ 

b (i) 

°32 

b (i) 

b (i) 


b {i) 

i_ ( i ) 
b n2 

K (i) 

°n3 

b'nn . 


b (i) 

u n 

b (i) 

°12 

... 

b!2‘ 


b (i) 

°2l 

b (i) 

u 22 

b (i) 

°23 

bg 


bg 

bg 

h (i) 

bg 


ys 

bS 

b (i) 

D n3 

bg. 


A„ 


A 2i 

Aii 


0 


1 

92, 

<P3i 

l<P„i 


(2-45) 
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Trir phucmg trlnh dau tien cua (2-45), ta gidi lie (n-J) phucmg trinh sau: la se di(Oc 
clang dao dong rieng thui: 

{<p:|=-[b;,]"'{b;} (2-46) 


Trong do: 



w- 


B*,'/ la ma tran {B ( "] bo di hang mot cot mot. 


B'u] = 


{BV/} la cot thir nhat cua ma tran [B (i) ] bo di phan tir dau tien. 


K1 


(i ) 
22 

b (i> 

u 23 

b (U 

” °2n 

> (i) 

f 32 

b U) 

u 33 

b (i) 
" °3n 

<i) 

h (i) 

b (i) 

n2 

D n3 * 

** ^nn 



Luc nay: 


W.} = 


(2-47) 


(2-48) 


(2-49) 


(2-50) 


Ma trail vuong bieu thj tit ca cac dang dao dong rieng goi la ma tr$n cac dang chinh, 
ki hieu la [o]. 


<Pn 

9l2 • 

- 9ln 

921 

922 

" 92n 

9 2 | 

912 • 

" 9.n 

9„i 

9n2 • 

- 9 nn 


(2-51) 


Cac chi so cua <p ki gom chi so thiir nhat la chi so k chi klioi lupng, va chi so thur hai la 
chi so i chi tan so hay chi dang dao dong rieng. Cac dai lupng cua cac lac dung ngoai co 
hai chi so sau nay cung dupe chi nhu vay. 
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C) dang giai tich, he (n-1) phuong trinh sau cua he phirang trinh (2-45) de xac dinh 
dang dao dong rieng duoc viet nhir sau: 

1*21 +(r22-® 2 m 2 )<P2 +r 23 ( P3 +- + r 2n ( Pn =0 
r 3l + r 3292 + ( r 33 -® 2 ^ 3 )93 +- + r 3 n 9n =0 


Hoac: 


r nl + f„2 92 + r n39 3 + - + (^n " “ 2 ™n >9n = 0 


^2i m i + ^22 m 2 2 J*P2 + ^23 m 3 ( P3 + — + ^2n m n*Pn ~~ ® 

5 3 ,m, +8 32 m 2 q)2+^833111,-•^-j<p 3 +... + 8 3ll m n <p 1I =0 


f 


1 ^ 


Snn m n- J 

0) J 


9n = 0 


5 nl m l + S n2 m 29 2 +5 n3 m 393 +••• + 

Can thay ring: Van de xac dinh cac tan so dao dong rieng va cac dang dao dong rieng 
cua bai toan dao dong he him han tu do tuong ung vdi bai toan xac dinh cac tri rieng va 
vec to rieng cua dai so tuyen tinh. Gia tri binh phuong tin so tuong ling cac gia trj rieng, 
con cac dao dong rieng se tuong dng voi cac vec to rieng. Tuy nhien, cac tinh chat cua 
cac dang dao dong rieng va cac vec to rieng se duoc xem xet cu the’ 6 phan sau. 

Thi du 2.2: 

Xac dinh tan so dao dong rieng va dang dao dong rieng cua dim lien tuc hai nhip co 
hai khoi luong tap trung. Cho m, = m 2 = M, a = ~ (hinh 2.4a). 




EJ = const 


m. 


X 1 


a) 


/7^f7 7 


T 


oi x 

^11" ^ ^ /7&7 


<f>2r ^ x ‘ > 




b) 


q>2 


S> 


^12 


= 1 /' 

s 


X 




(p22“ ^ y 


b) 


Hinh 2.4 
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He nay co hai bac tir do, ma tran khoi luong cua he: 


[m]= 


tn, 0 
0 m, 


= M 


1 0 
0 1 


8 11 5 ! 


' r i 1 w i i ^|2 i , y 

Ma tran mem: [FJ = „ Cac chuyen vi don vi duoc xac dinh theo each tfnh a 

L 8 21 8 22_ 

phan tTnh hoc, 6 day chi duoc ra ket qua: 


8 1I -8 22 - 


5 t2 =8 21 = 


23 / 3 


1536 EJ 

-3 / 3 
512 EJ 


Do do: 


[F] = 


23/ 3 
1536 EJ 


( o \ 


23 


_ 

l 23, 

1 


Phuong trinh tan so viel theo dang: (2-40) 


[F][M]-4[E] 


Trong do: 


to 


1536 EJ 


23/ 3 
1536 EJ 


o-u) 

(l-u) 

23 


= 0 


u = 


23M1V 

Khai trien djnh thuc ta co phuong trinh tan so: 


(u-l)‘- 


23 j 


= 0 


Giiii phuong trinh nay dd rang nhan duoc nghiem: 


u, = 


32 

23 


u, = 


14 

23 


Ung vdi U| ta co o>, bang: 


to, 


1536 EJ 
23M/ 3 u, 


48EJ 
1 M./ 3 


= 6,9282 


' EJ 
M/ 3 
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Ung vcfi u 2 ta co: 


1536 EJ 768EJ 
« 2 = -r— = ——- = 10,4745 

“ ]j 23M/' u 2 V 7M/ 3 

Cac dang dao dong rieng dupe tinh theo cong thuc (2-46) 


( p*} = -[b m ]"‘ {b,} = 


1 -9 


< L "J v " (1-u) 23 

4 <> ^ J 

Thay u, vao bieu thuc nay ta duoc: cp, = -1, do do dang dao dong rieng thu nhat la: 

(<Pi } = j^ 11 1 = i 1 ta thay dang dao dong rieng thu nhat co dang phan doi xting 


up, > > = < > ta tnay dang dao dong rieng tnu nnat co dang phan dot xung 

1 ) [cp 21 J [-1,1 

(hinh 2.4b). 

Thay u 2 vao bieu thuc xac dinh dang dao dong rieng 6 tren, ta duoc: <p 2 = 1 do do 
dang dao dong rieng thu: hai la: 


92 = 


9,2 L | l 
922 J I' 


Dang dao dong rieng nay la dang doi xung (hinh 2.4c). 


Vay ma tran dang dao dong rieng va vecto tan so duoc viet nhu sau: 


6,9282 I /EJ 


10,4745 V Ml 


• M- 


-i i 


Thi du 2.3: 


Xac djnh tan so dao dong rieng va dang dao dong rieng cua he khung ba tang cho o 
hinh 2.5a. 


Khoi lupng cua he dupe xem nhu cac khoi lupng tap trung 6 cac thanh ngang va thanh 
ngang co do cung biing vo cung. Cac thanh dung xem nhu khong co trong lupng. Do 
cung cua cac thanh dung cua mPi tang cho tren hinh ve va cho m, = 1,78. kN.s 2 /cm, 
K, = 1070. kN/cm. 



i ^ h 1 r i2 _ Kt y 3 = i 



b) 

Hinh 2.5 
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He nay co ba bac tir do umg vcri ba chuyen vi theo phuong ngang or m6i t&ng. Ma tr&n 
do cumg dirge xac dinh bang viec cho cac chuyen vi bang dcrn vi a m6i tang va xac dinh 
cac phan lire dan hdi nhu tren hinh 2.5b. Vi cac thanh ngang cua khung co do ciing bang 
vo ciing nen cac phan tii cua ma Iran cumg dirge xac dinh bang tong do ciing tucmg ling 
cua cac tang, ta co: 

r n r 12 r i3 1-10 

[K]= r 2l r 22 r 23 = -1 3 -2 1070 kN/cm 

Pj i rn 0 —2 5 


r lt r 12 r l3 


r 2l r 22 r 2.3 


r 31 r 32 *33 


Ma tran khoi lugng cua he: 

fm, 


Viet phucrng trinh tan so dr dang ma tran ciing (2-37) 


0 

0 


1 

0 

o' 

1,5m, 

0 

= 

0 

1,5 

0 

0 

2m, 


0 

0 

2 



( 1 u ) < 

-1 

0 

i 

s 

to 

s 

II 

—i ; 

(3-l,5u) 

-2 


0 ; 

-2 

(5 -2u) 


1070 - 0; 


Trong do: 


1,78 co 2 


Khai tridn dinh thiic ta nhan dugc phuong trinh bac 3: 

u 3 - 5,5u 2 + 7,5 - 2 = 0 

Nghiem cua phircfng trinh nay: u, = 0,351; u 2 =1,61; u 3 = 3,54. 
Tit do ta co pho tan sd dao dong rieng cua he: 

. hi M m 

{«} = jto 2 ( = j 31,1 M - 


Cac dang chfnh dao dong dirge xac dinh theo (2-46) 


{<p;)=-K']{b,}=— 

Vori u. =0,351 taco: 


(3- l,5u)(5 -2u) -4 


(5 - 2u) 
2 


(3 -1,5.0,351 )(5-2.0,351)-4 


(3 - l,5u) 


-(5-2.0,351) 

-2 


6,6311 


4,298 

2 


0,648 

0,302 


Tuong tu ta xac dinh dirge j(p 2 j ling vdi u 2 , |cp 3 1 ling vefi u 3 ; 
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60: 


Ma tran cac dang chrnh dao dong cua he: 

‘Pll 9)2 ^13 ^ 

[^>] = (p 2 ] 922 ^23 = 0*648 

(p3i 932 933 0,302 

Cac dang dao dong rieng duroc ve tren hinh 2.6. 


-0,602 -2,58 
-0,678 2,485 


Dsng 1 I—/0.302 




Thidu 2.4: 


Hinh 2.6 


Xac dinh t&n so' dao dong rieng va cac dang dao dong rieng cua he cho 6 hinh 2.7 


EJ = const 


r 21 =138a r 31 =36a 


f,2=138a r -132a r « =48a 

I I r 2 2 ^ 613 I 


Hinh 2.7 




He nay co ba bac tu do urng vdi ba chuydn vi theo phuong dumg tai cac khoi luong. Ma 
tran khoi lirgfng cua he: 

l 0 0 

0 1 0 

0 0 - 
2 

De xac dinh ma tran cung, ta cho he chiu cac chuyen vi don vi tai cac khoi luong theo 
phtrong cua bac tir do va xac dinh cac phan lire dan h6i tai cac khoi luong. Cac phan tu 
cua ma tran cung tuong urng vdi cac trang thai chuyen vi don vi tren 
hinh 2.7b. 

Ta duoc: 

r n r i2 r i3 240 -138 36 

[K]= r 21 r 22 i' 23 =a 138 132 -48 

r 3l r 32 r 33 ^6 -48 21 

Trong do: 




27 EJ 



Phuong trinh tan so duoc viet dudi dang ma tran cung (2-37) nhu sau: 





(240-u) -138 

36 


|[k]-w 2 [m]| 


-138 (132-4) 

-48 




36 -48 

(21-0,5u) 

Voi: 

13m/V 

u -- 

81 EJ 





Khai trien dinh thirc tren ta nhan duoc phuong trinh. 

-u 3 + 414u 2 - 21060u + 3604 = 0 
Giai phuong trinh nay ta co cac nghiem sau: 

u, = 1,7965; u 2 = 57,269; u 3 = 355 
Do do, vec to tan so dao dong rieng cua he se hi: 



3,346 

18,89 

47,031 
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De: xac djnh cac dang dao dong rieng ta su dung cong thurc (2-46) 

"(132-u) 48 T 1 f-1381 

-48 (21 -0,5u)J \ 36 J 

(21 -0,5u) 48 ] f-138] 


{»;}—[b,,]- {b,}=- 


-1 


(132-u) (21-0,5u)-48 2 
Thay cac gia tri u ( , u 2 , u 3 6 tren vao ta dupe: 


48 


(132 -u)J [ 36 




1^21 
1^31. 


[3,338] 

16,1811 


m-(; 


-0,7141 
448 | 


Ma tran cac dang dao dong rieng cua he: 

1 

[o]=‘ 


1 1 

3,338 0,969 -0,714 

6,181 -1,368 0,448 


Cac dang dao dpng rieng dupe mo ta tren hinh 2.7c. 


§6. TINH CHAT TRUC GIAO CUA CAC DANG DAO DONG RIENG 

Cac dang dao dong rieng cua he hull han bac tu do co mot tinh chit dac biet, do la 
tinh chat true giao. Tinh chat nay dong vai tro rat quan trong trong viec giai quyet cac 
bai toan dao dong cuOng buc cung nhu dao dong tu do cua he huu han bac tu do. Bieu 
thurc cua tinh chat true giao giua cac dang dao dong rieng duoc tim tren co so ap dung 
nguyen 11 cong tuong h6 Betti doi vOi cac dang dao dong rieng. 

Phuong trinh vi phan chuyen dong (2-33) doi vcfi cac dao dong tu do co the duoc viet 
6 dang (2-36). 

[K]{y(l)}=<of[M]{ yi (0} (2-52) 

Trong do: ve trai bieu thi vecto cua luc dai h6i {P d (t)}, con ve ve phai bieu thi vecto 
cua luc quan tinh {P q (t)}. Nhu vay khi dao dong tu do, cac dang dao dong rieng duoc 
xem nhu sir thay d6i cua do vong do cac luc quan tinh, (cac luc quan tinh dong vai tro nhu 
tai trong ngoai) gay ra. Ta xet hai diing dao dong rieng thu "i" va thu "j" tren hinh 2.8. 

Ap dung nguyen 11 Betti cho hai trang thai bien dang ling voti hai dang chlnh thu "i" va 
"j" ta se co: 

{yiCO}' {p Qi (, >}-{y l <t)} T {p Q j( , >} (2-53) 

Sau khi thay {Y(t)} theo (2-34) va {P q (t) | = - w 2 [M] {Y(t)} vao bieu thurc tren roi don 
gian cac ham tuan hoan theo thdi gian ta duoc: 
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(2-54) 


cof{A J } T [M]{A i )=»nA i } T [M]jA J ) 



Hinh 2.8 

Ta thay rang: tich cac ma trim 6 phuong trinh (2-54) la dai luong vo huo'ng, vi vay sau 
khi chuyen vj tri cac ma tran 6 mot ve r6i thirc hien phep chuyen ve, ta se dirge: 

(coj-cof ){A,} T [M]{Aj} = 0 (2-55) 

VI cac tan so dao dong rieng co gia trj khac nhau * C0j nen ta co the viet bieu thurc tren: 

{ A i}' [ M ]{Aj} =0 (2-56) 

Bieu thuc (2-56) bieu thi tinh chat true giao cua cac dang clnnh dao dong. Bieu thuc 
tinh chat true giao con co the viet duoc qua ma tran citng [KJ, muon vay ta nhan trai hai 
ve cua phirong trinh (2-52) voi ma tran {Y, | ’(t), sau khi bo di cac ham thdfi gian 6 hai ve 
ta dugc: 

{Aj } r [K]{ A,} = cof {Aj } T 

Ve phai cua bieu thirc nay theo (2-56) bang khong, do do ta co: 

{ A J }l K ]{A,} = 0 (2-57) 

Trong trudng hop tong quat bieu thirc tinh chat true giao cua cac dang chinh dao dong 
duoc viet vcifi cac vec to dang dao dong khong thitnguyen {tp;}. jrpj j. Muon vay ta chia 

cac bieu thirc (2-56) cho cac bien do chuyen vi cita mot khoi luong nao do ung voi dang 
"i" va "j" ta duoc: 

{<Pi} T [M]{<|>j} = 0 (2-58) 

O dang giai tich, bieu thirc tinh chat true giao viet theo ma tran khoi luong nhu sau: 

n 

X(m k ,rpi J + m k2 cp 2 j + ...+ m kn (Pnj) < P kl = 0 (2-58’) 

k=l 

Bieu thirc tinh chat true giao viet theo ma tran cung doi vori cac dang dao dong khong 
thCr nguyen. 

t<Pi} T [K){<(>,} = 0 (2-59) 
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Qua cac bieu thuc (2-58), (2-59) ta tha'y rang: cac dang dao dong rieng {ip,}, {<pj j (i j) 

true giao vdi nhau qua ma tran khoi luong [M] va ma tran cung [K], hay noi each khac la: 
cac dang dao dong rieng true giao nhau vdi trong so [K] hoac [M], 

Ta con co the bieu thi tinh chat true giao cua cac dang giao dong rieng vdi trong so la 
ti'ch khong han che cac ma tran tao nen tir ma tran [K] va ma tran [M], Chia hai ve cua 
phuong trinh (2-52) cho mot bien do nao do (bo ham thdi gian di) ta co: 

[K]{<p i }=®?[M]{9 i } (2-60) 

Nhan trai hai ve phuong trinh nay vdi j J [M][K]-' , ta duoc: 


foriMjw-tfforiMM'w 

Su dung (2.58) suy ra 

{<Pi} T [M][K]-' [M]{<p,} = 0 (2-61) 

Lai nhan trai phuefng trinh (2-60) vdi |<pj } [ M ][K]"[M][K]- 1 se duoc: 

{f-j}' MT' [“I k}=«>:{>Pi} T [ m][k]-'[m][k]-[m]{ 9 ,} 

Sir dung (2-61) ta co: 

{•Pj | T [ M][K]-' [M][K]-' [Mjfrpj = 0 (2-62) 

T 

Tuong tu neu ta nhan trai phuong trinh (2-60) vdi hi [k][m]- 1 se duoc: 

hi' [ K M M r'[K]{<P,}=<oi ! hi T [K]{<p i } 

Sir dung (2-59) se cho: 

h} T i M ][ K r'[ K iWi}=o < 2 - 63 > 

Phep nhan trai phuong trinh (2-60) vdi |(pj | F [K][M]”' [K][M] _i se cho: 

h i' [ K l(Mr' [K][M]-' [K]{ Vi }=<of {tfj } T [K][M]-' [K]{<p, j 

Sir dung (2-63) ta co: 


{<Pi} T [ M ][K]-' [M][K]-'[K]{«p,}=0 (2-64) 

Cac quan he tren co the lap lai ma van cac thuat toan tuong tu. 

Cac bieu thuc tinh chat true giao d tren va ke’ ca (2-58) va (2-59) co the viet gon lai d 
dang sau: 
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(2-65) 


j<Pi} [M][M“'K] b {cpj} = 0, -oo < b < oo 

6 bieu thuc (2-65) neu lay b = 0, va b =1 ta se nhan dupe (2-58) va (2-59). 

§7. CHUAN HOA CAC DANG DAO DONG RIENG 
Ta viet lai cac phucfng trinh (2-55) of dang sau: 

(o)j -<of) {tPi } T [M]J<Pj} = 0 

J 

Neu ojj = cOj (i — j) thi phuong trinh tren chi thoa man khi jrpj j [M] (cp;} *0 ta co 

T 

thechonjipij [M]{(pj} = l. 

Dang dao dong rieng thoa man bidu thuc tren dupe goi la dang chuan, ki hieu la 
{<p ch }. Ta viet lai: 

Wl[M]M ch =l (2-66) 

Viec dua cac dang dao dong rieng v£ dang chuain goi la chu&ri hoa cac dang dao dong 
rieng. De xac dinh dang chuan, ta dat: 

l‘Pi} C h = M<Pi) (2-67) 

Dua (2-67) vao (2-66) ta dupe: b^ |cp ; }>]{*.}-* 

2 1 

Suy ra bf =- - 

M [M]{<Pi} 

Neu dat: a? = {<p s } T [ M]{ cpj} (2-68) 

Thi: bj = —, va do do a (2-67): 

a , 

{ ( Pi}ch = ~Wil (2 ’ 69) 

Khi tat ca cac dang dao dong rieng da dupe chuain hoa, thi tit (2-66) ta se viet dupe 
dieu kien true chuan o dang tcing quat sau: 

[<][M][O rt ]=[E] (2-70) 

Dieu kien true chuan tong quat con viet dupe vdi ma trail cling nhu sau: nhan trai 

phuong trinh (2-60) voi |(p| | ta dupe: 

{<Pi} T [K]{(p i }=©i {<Pi 
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(2-71) 


Khi dang dao dong rieng da dirge chuStn hoa thi bieu thde tren co dang: 

Bi6u thuc (2-71) viet doi vai tat ca cac dang chuan: 

K] T MK] = M (2-72) 

of 0 ... 0 1 

Trong do: [Q]= diag ^ ^ 

. 0 0 ... ^ 

Di6u kien true chuan tong quat (2-70), (2-72) co y nghla quan trong trong viec rut gon 
qua trinh tmh toan dao dong cua he sau nay: 

Thi du 2.5: 

Cho he o hinh (2-9). Xac dinh tan so dao dong rieng va dang dao dong rieng, kiem tra 
dieu kien true giao cac dang giao dong rieng. Chuan hoa cac dang dao dong rieng va 

m / 

kiem tra dieu kien true chuan. Cho m r , = —. 

U A 



Hinh 2.9 

He nay co hai bac tu do, ma tran khoi lugng cua he: 



Ma tran mem: 



48EJ 


2 5 
5 16 




Xac dinh tan s6' dao dong rieng theo phuong trinh (2-40): 

[f][m]-4 [e] 

CO 

Khai trien dinh thuc ta nhan dugc phuong trinh: 


(4a - u) 


(16 — u) 


= 0, trong do: a = 


192EJ 


u 2 - 20a . u + 14a 2 = 0 
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Nghiem cua phuong trinh nay: u, = 19,27362a; u 2 = 0,72638a. 
Do do: 


k l |3, 15 6 U EJ 
* \co 2 j [16,258] / 2 V m 

Xac dinh cac dang dao dong rieng theo (2-46) 

-i . , 10a 


{<p;} = -[B n ] ]B,} = - ^ a ■■. Thay u, va u 2 6 tren vao ta diroc: 
jq>*} = 3,054722 

{ 92 } = -0.6547236, Vay [<D] = 


1 1 

3,054722 -0,6547236 


Ta kiem tra dieu kien true giao (2-58): 

>t. 


M [M]{cp 2 } = {l 3,054722} 


2 0 
0 1 


1 


= {1 3.054722} j 


1 


-0,6547236J 

= 2-3,054722.0,6547236 = 0,15.10“ 5 = 0 


[-0,654722] 

Nhu vay di6u kien true giao thoa man. De’ chuan hoa cac dang dao dong rieng, ta tinh 
cac he so a, theo (2-68): 


2 0 
0 1 


2 0 
0 1 


ar ={<P,} [M]{9,}-{13,054722} 

Do do: a, = 3,3662. -Jm 0 

a; ={(p 2 }' [M]{9 2 } = {1 -0,6547236} 

Dodo: a 2 = 1,5584167 . 

Dang chuan direfe xac dinh t£r (2-69): 

1 f 1 ■ 

(vi } ch =— 

{¥ 2 }* = 

Ma tran dang chuain: 


m 


1 

” ] 3,054722 


= 1 l,331326m 0 


m 


1 1 

0 [-0.6547236] 


= 2.4286629 m,. 


'0,2970705] 1 


3.3662.^ [3,054722] [ 0.907463] ^ 

1 f 1 ] [0,6416769] 1 


m () . 1,5584167 [0,657236] [-0.420121] 


Kk] = 


0,2970705 0,6416769 
0,907469 -0,420121 
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Ta kibm tra dieu kien true chuan (2-70). 


<n][M]K,] 


1 0,2970705 


0,6416769 


0,907468 

2 0 

-0,420121 

0 1 




0,2970705 0,6416769 
0,907468 -0,42012 



Nhu vay didu kien true chuan thoa man. 


§8. DAO DONG TV DO HE HlJtJ HAN BAC TV DO 

Phuong trinh vi phan dao dong tu do nhu da biet (2-33): 

[ M] {y(t)} +[K]{y(t)} = {o} (2-73) 

Nghiem rieng thu i ung voi dang dao dong thur i viet theo (2-34): 

{yj(t)} = {Aj sin(co,t + y i ),i = l, 2,...n (2-74) 

Trong do {A ( } va y, dupe xac dinh tit di6u kien ban dau cua he (cac toe do ban dau va 

cac chuyen vj ban dau). Tuong tu nhu doi voi dao dong tu do cua he 1 bac tu do b dao 
dong cua he h&u han bac tu do, nghiem (2-74) cung con viet duoc b dang (1.45): 

{(t)j = {B; }.cos( 0 jt + {C| }.sincOjt (2-74)' 

Vec to van toe: 

{y,(t)} = —C 0 j {Bj.sincOjt + cOi {CjcoscOjt 

Cac dieu kien ban dau: {yj } I=() = |yV} 

{*},-»={<} 

The cac dieu kien nay vao phuong trinh chuyen vi va phuong trinh van toe b tren, ta se 
nhan dupe: 

( b .}=K! 


Dodo: {y,(!)( = fy‘i coso)jl + { v" j (2-75) 

1 ' 1 ’ <J)j 

Trong do jy" j, |v’ > | la vec to chuyen bi ban dau, va vecto toe do ban dau tac dung 

vao he gay nen dao dong tu do cua he ung vbi dang chinh thu i: {Yj (t)} • Noi each khac, 
chung la cac vcc to do cac vec to chuyen vi ban dau va toe do ban dau cua he dupe khai 
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tridn vao dang chinh thur i. Tong cua cac vec to nay chinh bang vec to chuyein vi ban dau 
va vec to toe do ban dau cua he. 

{y„)={y?}+{yS}+•••+{y°}+~+{yl} (2- 7 «) 

K) - {»!’}+jv' 2 'j+...+{vV}+...+{<} 

D& xac dinh jy" j, ta dat: 

{ y"} =a i [M]{cp i } (2-77) 

Dua (2-77) vao (2-76): 

{y„} = a i [M]{cp,} + a 2 [M]{tp 2 } +... + a, [M]{cp,} + ... + a n [M]{(p n | (2-78) 

Nhan trai 2 ve cua phuong trinh (2-78) voi {<Pj] T , ta co: 

M 1 {y<»} = «1 {tp,} 7 [M]{(p 1 } + ... + a j {(p i } T [M]{(p i } + ...-a n {ip,} T [M]{(p n } 

Sir dung tinh chat true giao (2-58) doi vpi ve phai cua phuong t rinh tren, ta dupe: 

{<Pi} T {yo}=«i 
TCr bieu thuc nay, ta rut ra: 


a {«p,} T {y„} 

' M>]W 

Dua (2-79) vao (2-77), ta dupe: 


M= 


W Mh] 


MM 


Voi ca he (i = l,2...n) ta co ma Iran khai trien chuyein vi ban dau: 

K]=[jy;|{y::},...{y;}]= 


i=l 


>'n 

n 

yi2 ■ 

••• y'ln 

. ,0 

o 

o 

y 2 i 

y 22 

-• y 2 n 

, ,0 

t> 

tl 

y ni 

y n2 

•••• y nil ^ 

iang 

sau: 


+ ... 

+ y Kn ) ’ 

K = 1,2. 


(2-79) 


(2-80) 


(2-81) 


(2-82) 


Tuong tu nhu qua trinh tren, ta cung nhan dupe vec to toe dp ban dau khai trien vao 
dang dao dong rieng thu i nhu sau: 
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(2-83) 



Cuoi cirng ta c6 phoong trinh dao dong tu do cua he huru han Me tu do viet b dang 
(2-75) nhu sau: 

{y(0} = [Y^]{K y ..(l)} + [v^]{K v „a)} (2-86) 

Trong do: j va [v^’ h J dupe xac dinh theo (2-81) va (2-84), con cac vec to 

{K ( „<.))vajK v „(I)}li: 

COSOJ|t 

cosco 2 t 

cosco n t 
sinco,t 
®i 

sinto 2 t 

w 2 

sin co n t 

w„ 

Phoong phap giai bai toan dao dong to do he huru han bac to do b tren goi la phoong 
phap khai trien theo cac dang dao dong rieng. O day la khai trien true tiep nguyen nhan 
tac dung ben ngoai theo cac dang rieng. Phoong phap nay con goi la: phoong phap dira 
tren cac dac trung utn so, hoac phoong phap cong dang dao dong; phoong phap co the 
dope dien dat b nhibu each khac nhau, sang ph&n dao dong cobng bhc cua he huru han 
bac to do ta xet nghien ebu cu the’ hon. 



(2-87) 


( 2 - 88 ) 
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Thi du 2.6: 


Cho he co 2 khoi lirong tap trung hinh 
(2-10), he chiu tac dung cua dieu kien EJ 
ban dau: 

{yL,={y.H°h I*- 


m 1 = M 


1(2 


1(2 I 112 


m 2 = M 
—•- 


1(2 


-I 


{y} l=() -{v o } =| i jv„ HinhUO 

Xac dinh dao dong tu do cua he 

Vec to t3n so dao dong rieng va ma tran cac dang dao dong rieng cua bai toan nay da 
co 6 thi du (2-2): 

' " 1 1 
-1 1 


H=r 

x f [io, 


[6,9282 1 He! 


10,4745 \M/ 


r : 




{<P,} [M]{«p,} 


(1 - 1}M 


1 0 
0 1 


-M 


1 0 
0 1 



{* 5 }- 


_ WiTKI 


M [m]{<p 2 } 


[M]{(p 2 } = 


f l}f}v. 


{] 1}M 

'l o" 
_0 1_ 

ill 


M 


1 0 
0 1 



Vay ma tran toe do ban dau khai trien vao cac dang dao dong rieng cua he: 


KH(4 HO 

Kiem tra theo cong thdre (2-85): 


1 3 

-1 3 


2 


u o . O 

V| = V |t +v 12 = 


Vj = V”, + V 22 = 


— V -I-V 

2 ° 2 ° 


= 2v„ : Dung 


(11) 

”2 V,, + 2 V,, J = V " :Dung 


Vec to chuyen vi cua he - phuong trinh dao dong tu 1 do duoc xac dinh theo cong thuc (2-86): 


{y(t)}=[v5,]{K„(i)} = 


1 3 
-1 3 


sin o> 1 1 


G>, 


sin o> 2 t 


0 ), 
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m/ 3 

~eT 


{y(0} = 


v (( sinC 0 jt 3v 0 sinoM 


A 1 


co 


co. 


2 J 


^ —v () sinco,t + 3v 0 sinco 2 t^ 


V 


CO 


CO 


2 ;j 


(0,07217 sin (o,t + 0,1432 sin co 2 t) 


[(-0,07217 sin co, t + 0,1432 sin oo 2 t 


> v„ 


§9. PHlfONG PHAP LAP NANG LirpNG XAC DINH TAN SO VA DANG DAO 
DONG RIENG HE HUE HAN BAG TUDO 


Nhu da trinh bay or chucmg 1, phuomg phap nang lupng dupe dua tren dinh luat bao 
toan nang lupng: Trong qua trinh dao dong tong dong nang va the nang cua he luon la 
mot dai lupng khong d6i. Vdi he mot bac tu do, tan so dao dong rieng dupe tinh theo 
cong thuc (1.64). Noi chung sir dung phuemg phap nang lupng cho bai toan dao dong 
rieng he mot bac tu do la thuan lpi va dcm gian, nhung trong thuc te vdri nhieu cong trinh 
c^n yeu cau tinh toan vdi do chinh xac cao doi hoi phai phan tich dao dong cua he vdi 
mot so tan so thap va cac dang dao dong rieng tucmg ling; cac ket cau cong trinh thuc co 
so bac tu do la rat 1cm, viec xac dinh tan so va dang dao dong rieng nhu §4, §5 chuomg 
nay la kho thuc hien dupe. Vi vay, ngudi ta dua cac phuemg phap gan dung dan (phuemg 
phap lap) nher su trp giup cua may tinh de giai quyet bai toan dao dong rieng cd lorn cho 
phep nhan dupe ket qua tin cay. Duoi day se dua ra phuemg phap lap nang lupng xac 
dinh tan so va dang dao dong rieng cua he huu han bac tu do. 

C) bai toan dao dong rieng, vPi he bien dang huu han bac tu do, can hieu rang: Ducmg 
dan hoi cua mot dang dao dong rieng chinh la do luc quan tinh tucmg rimg gay ra, bdi vi 
phuong trinh vi phan dao dong cua bai toan dao dong rieng la phuomg trinh vi phan dao 
dong tu do khong xet den anh huong cua luc can, nghla la, khi xet dao dong rieng, thi 
luc quan tinh bang luc dan hoi. Ta se xac dinh dong nang va the nang cue dai ung vdri 
mot ducrng dan hoi tren co scr cac luc quan tinh va cac chuydn vj tai cac khoi lupng do 
cac luc quan tinh cua he gay ra, sau do se tinh dupe gia tri tSn so dao dong rieng. Lap lai 
qua trinh xac dinh luc quan tinh ung voi dudmg dan hoi mcri, va xac dinh chuydn vi do 
luc quan tinh gay ra se xac djnh dupe tan sd dao dong rieng co gia tri chinh xac horn lan 
trude. Qua trinh lap can phai dam bao didu kien true giao cua dang dao dong rieng sau 
vPi tat ca cac dang dao dong rieng trude do. 


1, Xac djnh tan sd va dang dao dong rieng thu nhat: co, {<p,} 

Budc 1: Chon ham dan (dudng dan hoi) thoa man dieu kien bien hinh hoc va phu hop 
vdi dang dao dong rieng {(p,} 



(<>) 
<Pi i 

(o) 

921 



(2-89) 
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(2-90) 


Bude 2: Xac dinh luc quan tmh ldn nhat (theo thdi gian) ling vdfi ham dan tren 

Chon ( 0 , „ = 1 (co the lay co, „ bat ki), ta co: 

jpJ"}=[M]j<pl'"} 

Buc'/c 3: Xac dinh chuycin vi do lire quan tfnh tren gay ra: 

=[F]{f^"} =[F][M]{q,<"‘} 

Hay {?!"} = [B]{<’} 

Vdi [B] = [F] [M] 


goi la ma tran xac dinh dang dao dong rieng thu nhat 
Trong do [F] la ma tran mlu. 

uy {*'*}-{«"}• ± 

Bude 4: Xac dinh the nang cue dai (cong ngoai lire) cua luc quan tfnh ung 
chuyen vj. 


lc -{{try !<p , , ii i=i{«p , , ,, } T {p‘ ,> }=jK 1 }' .[M]{<pr} 


W~m) T 
2 


Bude 5: Xac dinh dong nang cue dai cua he 


Bifdr 6: Xac dinh tan so dao dong rieng co, 

1 r_«>) T 


U<n 


/,,,(!) _ U max _ 2 

l 0) l ) ~ jO) ~ 




VfMK'l 


Bude 7: Lap lai bude 2. 


Buck (S‘. Lap lai bude 3 




. Lay: 


<Pii 


Bude 9: Lap lai bude 4 


(2-91) 

(2-92) 

(2-93) 
vdi cac 

(2-94) 

(2-95) 

(2-96) 
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u!i , < 4R > } T [ M )K , l 


Bitcrc JO: Lap lai budc 5 


T® =i{<p‘ 2, } T [M]{9l 2 '} 


Budc 11: Lap lai budc 6 


VfMK 1 } 

;{r} T [M]{<p! 2> } 


K’) 2 - 


Mot each tong quat, d lan tinh thd s, ta co tan so va dang dao dong rieng thuf nhat: 


{fr}-[B]{fr"} 


R’HRI-4i 


(2-97) 


, hoac: (<>) 2 =^- (2-98) 

9k i 


<Pn 


(2-99) 


Khi S —¥ co, thi: coj*' —> co, chfnh xac. Qua trinh lap se dirng khi gia tri tan so dao 
dong rieng d hai lan tinh lien tiep sat nhau theo yeu cau. 

2. Xac dinh tan so va dang dao dong rieng thu hai: © 2 , {cp 2 }. 

Bitac I: Chon ham dan thoa man dieu kien bien hinh hoc va phii hop vdi dang dao 
dong rieng (cp 2 }. 


~<o) 

9 2 1 = 


V\2 

922 


I9n2 


[ ; vec to nay chua true giao vdi {ip,} 


( 2 - 100 ) 


Bitf/c 2: Xac djnh he so true giao: a t) = 


'(n> 


>9i} [M] <p 2 {tpi} [M] <p 2 


{9,} T [M]{(p i } 


-(») 


M, 


( 2 - 101 ) 


Bitt'fc 3: Thiet lap vec to j(p 2 (o) J thoa man dieu kien true giao vdi vec to {cp ( }: 

{92 <0) } = {92 0> }- a o {<Pt} = [Tt] {iz 


( 2 - 102 ) 
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(2-103) 


Vdi: [T,] = [E]- ^ l}{(P,} 

l M ‘ J 

[T,] goi la ma tran dam bao didu kien true giao. 

Lay: R 1 } ={<^"’}4o 

x 12 

Birac 4: Xac dinh luc quan tmh lem nhat ling vdi |cp 2 (0) ]: 

{^ 1 , |=[m] K'"*} 

Birac 5: Xac dinh chuydn vi do luc quan tfnh gSy ra: 

{vl 1 } = [ f ]K ,) } = [F][M]{<p-<‘»} = [B][T, ]{^>} 

Vdri [B,] = [B] (T,] 

goi la ma tran xac dinh dang dao dong rieng thur hai 

Lay j,p<"j = {i(')|- ‘ 

V 12 

Birac 6: Xac dinh the nang cue dai 

un “jR'fMK" 1 } 

Birac 7: Xac dinh dong nang cue dai. 

Tii 

Birac 8: Xac dinh tan so dao ddng rieng. 

MNg 

i{,s>} T [M]{,y*} 

Birac 9: Xac dinh he so true giao ciia |<p ( 2 l, | 

a, =- 5 - L 

M, 

Birac 10: Thiet lap vec to |(p 2 (l> } thoa man dieu kien true giao vdri {<p,}: 

|rf ,, j-[T 1 ]{;i 1 '} :u-y K'*}-K"}-4 

12 

Qua trinh tinh dugc lap lai tir bude 4. 


(2-104) 

(2-105) 

(2-106) 

(2-107) 

(2-108) 

(2-109) 

( 2 - 110 ) 

( 2 - 111 ) 
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3. Xac dinh tan so va dang dao dong rieng thur ba: <b„ {tp 3 } 

Qua trinh tfnh toan tuong tut nhu tren, Iiic nay ma tr£n dam bao di£u kien true giao 
{<p,( vdijcp,} va |(p 2 ) la: 

r T i_[ T i {<P 2 ){<P 2 } T [M] 

* ^ M 2 

Ma tran xac dinh dang: [B 3 ] = [B].[T,] 

Mot each tong quat, doi vdi dang dao dong rieng thu i khi can xac dinh 0),, {cp,} ta co 
ma tran dam bao di6u kien true giao va ma tran xac dinh dang nhu sau: 

[T i-i ] = [T ,-2 ] (2-114) 

[Bj] = [B]. [Ti.,] (2-115) 

(i = 1 : [B, = [B], [T;.,] = [TJ = [E]) 

Thi du 2.7: 


( 2 - 112 ) 

(2-113) 


Xac dinh tan so va dang dao dong rieng co,, {q>,}; o 2 , {tp 2 }, cua khung 3 tang, 3 nhip 
tren hinh (2-11) a) Biet: Do cutng cac tang la K, = 28,446T/cm, K 2 = 29,57T/cm, 
K. = 25,862 T/cm; Trong luong phan bo theo chieu dai cac tang la q, = 6,82T/m, 
q 2 - 6,82T/m, q, = 3,5T/m. 



Hinh 2.11 


Ma tran cung cua he va ma tran mem cac he: 



"2,2433 -1,1434 0 ' 


"l 1 

I 

[K] = 

-1,1434 2,1434 -1 

0 -1 1 

,25,862T/cm; [f] = [K]"' = 

1 1,962 

1 1,962 

1,962 

3,0619 


1 

28,4456 


cm/T 
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Ma trim khoi lupng cua he: 


m, 0 0 


[M] = 0 


m 2 0 =01 


.125,135.1 0 _3 T.s 2 / cm 


0 0 


0 0 0,5132 


I. Xdc dinh tan sova dang dao dong rieng thif nhat at,, {<p,}: 

Ma tran xac dinh dang tmh theo (2-92): 

11 1 1 !~1 0 0 1 -3 

[B,] = [B] = [F][M]= 1 1,962 1,962 0 1 0 

1 1,962 3,0619J [0 0 0,5132j 

[l 1 0,5132" 

[B, 1 =-— 1 1,962 1,0069 .s 2 

L IJ 227,319 

1 1,962 1,5714 

Qua trinh tmh lap tircmg ung v 6 i cac cong thuc (2-97), (2-99) dupe cho 6 dang bang sau: 


[B| ] = 


227,319 




227,319 


"l 1 0,51321 fl 

1 1,962 1,0069 <1 
1 1,962 1,5714 1 


227.319 


[2,5132 1 3,5053 1 


3,70276 1 


1,73035 


2,5132 
-1 3,9689 
* [4,5334 

3,734171 f 


3,9689 M.5796 5,9154 1.6876 6,30282 1,7022 6,3574 1,7041 6,3646 1,7043 

4,5334] 1,8038 6,9337 1,9781 7,41946 2,0038 7,4884 2,00734 7,4978 [2,0078] 

K 1 } {-pi 11 } K 1 } K 1 } {-p! 31 } K 1 } K 1 } {-Pi 41 } {-Pi 51 } K 1 } 

Ta lay dang dao dong rieng thti nhat a lan tfnh thu 5: 


{ 9 ,} = - 1,7043 • - mo ta tren hlnh (2-1 lb). 
2,0078 

Tan so dao dong rieng dupe tinh theo (2-98): 




5)~| 2 _ (P 31 = 2,00734 
J <5<*> 7,4978 ' 


227,319 = (7,8012) 2 


( 0 , = 7,8012.- . 

s 


2. Xdc dinh tan sova dang dao dong rieng tin? 2: co 2 ,{cp 2 } 

Ma tran dam bao dieu kien true giao cua {{p 2 } voi { 9 ,} dupe tfnh theo (2-103): 
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1 ] [1 0 0 

1,7043 [{l 1,7043 2,0078} 0 1 0 

2,0078] [o 0 0,5132 

I" 1 0 0 Tf 1 T 

:l 1,7043 20078) 0 1 0 < 1,7043 > 

[o 0 0,5132 2,0078 

"0,8322935 -0,285311 -0,1724962] 

[T,]= -0,285311 0,5137445 -0,2939852 

[-0,3361189 -0,5728474 0,653662 

Ma tran xac dinh dang dutfc tfnh theo (2-107) 

' 0,3747863 -0,0655517 -0,131022 

[b 2 ]=[b][t,]= •= -0,0656247 0,1458557 -0,0911227 

[-0,2553638 -0,1775167 0,2778696 

Qua trinh drill lap tucfng ung voi cong thuc (2-106), (2-108) co xet den didu kien true 
giao duoc cho dudi dang bang sau: 

0,3747863 -0,0655517 -0,131022 ] 1 ' 

-0,0656247 0,1458557 -0,0911227 --- 1 l=> 

-0,2553638 -0,1775167 0,2778696 ] ’ (-1J 

{if} 



1 

227,319 



' 0,4403 j 1 0,5606 1 0,53908 I 1 0,518309 

< 0,17135 > 0,38952 0,13818 0,24648 0,095826 ... 0,10933 0,05492 

-0,71075] -1,61308 -0,77274 (-1,37841 -0,68244 |-1,15165 -0,59519 

$'} {*"} {^} {ft*} {*?} {W} {#>} 

1 0,518296 

1,10598 0,054468 ... 

-1,148325 -0,593258 

{*?} {*?>} 

Tan so dao dong rieng thu hai: 


<f>4 -*- 148325 t^r\ m\2 4 ™ 1 

2 9 = <$? = 51593258 227 ’ 3 9 ” 20,97 V-“2=20,97.- 
Dang dao dong rieng thur hai: Vecto dam bao dieu kien true giao. 

{cp,} = [T| ] [<p ( 2 8) j ; hoac tinh he so true giao: 
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a 8 = -^-{q> ( 2 8) } ' [ M ]{cp 1 } = -°, 0004438 

1,000444 | 

{<P? 8> l = {«P2 8, )-a 8 {<P,}= 0,106715 > 

[-1,147434 

Cuoi cirng: 

1 

{(p 2 } = J 0,1066676 l hinh (2-1 lc) 

-1,1469247 

Tuong tu co th6 tien hanh tinh tan so va dang dao ddng rieng thut ba: 

[ 1 

(o 3 =28,447.-, {<p 3 } = J-1,443 \ (hinh 2.1 Id) 
s 

i, 448 

§10. DAO DONG CUA HE HUU HAN BAC TU DO CHIU TAC DUNG XUNG 

Nhu da biet khi he chiu tac dung cua xung luong, he se dao dong tu do. Phuong trinh 
dao dong tu do cua he huu han bac tu do umg vdi dang chrnh thu i duoc viet theo (2-75): 

{y, Ct)} ={y°} c osc 0i t + {v“}-5i^il 

Trong do jvj’J duoc xac dinh theo (2-80). jv-’J duoc xac dinh theo (2-83). Van de d 

day la phai xac dinh [ v”j nhu the nao khi he chiu tac dung cua xung tuc thdi? 

Ta xem rang tai thbi diem ban dau t = 0, dudi tac dung cua vec to xung luong {$}. 
(Vec to xung khai tri£n vao dang chinh thir i cua cac xung luong ben ngoai tac dung vao 
he), cac khoi luong cua he se nhan duoc van toe ban dau tuong tu nhu cong thirc (1-157) 
cua he mot bac tu do: 

V®. = ^- : v”. ;.; v° 

m, m 2 m n 

Nhu vay, vec to van toe ban dau cua he ung vdi dang i: 
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hay co the viet: 


— 0 


v? = 


= [Mf' {S,j 


(2-116) 


0 0 0 — 


m nJ 


Neu xem rang chuyen vi ban dau cua he bang khong: 

{yi}={°} 

thi, sau khi the cac di6u kien ban dau vao phucfng trlnh dao dong tu do (2-75), ta se nhan 
dupe vec to chuyen vi cua he ling voi dang i: 

{yi(0} = [Mf , {S i }K ai (t) (2-117) 


Trong do: 


K ai (t) = 


sinC0it 


(2-118) 


{Sj} la vec to xung khai trien ung voi dang dao dong rieng thu i. 

D6 xac dinh {SJ, ta cung dat: 

{SjJ= aJM] |(p,} 

va tien hanh tuong tu nhu khai trien chuydn vi va toe do ban dau vao cac dang rieng 0 
phan dao dong tu do (§8 chuong nay), se nhan duoc: 


|S| K ^ | t M] {< pd 
m MW 

Trong do {S) la vec to xung lupng ben ngoai tac dung vao he. 


(2-119) 


Gop cac vec to xung khai trien theo cac dang rieng, ta co ma tran xung khai trien cua 
ca he: 


[^kh ] — [{^! } ’ {^2 } | S n}_ “ 


S„ S 12 ... S [n 

s 21 s 22 — s 2n 


S n i S n2 ... S 


( 2 - 120 ) 


Cong thurc kiern tra theo hang: 


“(%] + ^K 2 + '” + ^Kn) 


( 2 - 121 ) 
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Cuoi cung ta co vec to chuyen vi cua cac khoi luong cung chinh la phuong trinh dao 
dong cua he chiu tac dung xung nhu sau: 

{y(t)}=[Mr'[S kh ]jK a (t,} (2-122) 

Trong do, [S^J la ma tran xung khai trien dupe tinh td (2-119), {K ai (t)| la vec to co 
cac ph£n tur la K aj (t) duoc xac dinh theo(2-l 18). Neu xung tac dung vao he khong phai 
thori didm t = 0, ma tai thdi didm t = x, thi vec to chuyen vi cua cac khoi luong ung vdi 


dang chlnh thu i se la: 

(y,(t)} = [M] ' (2-123) 

Vecto iuc dan hoi ung vdi dang dao dong rieng thu: i duoc tinh qua luc quan tinh: 

{Pd,i(t)} = -[M]{yi(t)} (2-124) 

Dua (2-117) vdi dao ham efip hai tuong irng vao bieu thuc tren, se dupe: 

{ p d4(0} = { s i}®i sin ®i l 

Hay {P di (t)} = {S i },K i (t) (2-125) 

Vdi: K,(t) = cOiSincOjt (2-126) 


K|(t) la he so dong hoc theo thdi gian ung vdi dang i khi he chiu tac dung xung. 
Vecto luc dan hdi cua ca he: 


={S kh J.{ K,(t)} (2-127) 

Trong do [Sj. h ] la ina trail xung khai trien cua ca he, {K,(t)| la vecto co cac he sd la 
K,(t) dupe xac dinh theo (2-126). Cung c£n nhd ling, khi da co vec to luc dan hdi. ta co 
the xac djnh vec to chuyen vi cua cac khoi luong qua ma tran mem: 


{y(t)} = [F]{P d (t)J (2-128) 

Tir vec to luc dan hoi, ta co the xac dinh 
chuyein vj va noi luc cua cac diem bat ki cua he 
qua ma tran anh hudng chuyen vi va ma tran 
anh hudng noi luc. 

Thi du 2.8: 

He chju tac dung xung cho tren hinh (2.12a). 
Hay xac dinh momen uon tai vi tri khoi lupng 
m,. Cho E = 2,1.10 4 kN/cm 2 ;J = 21720cm 4 , 
m, = m 2 = M = 0,023kNs 2 /cm; / = 3m. 



b) 



Hinh 2.12 


116 



1 . Xdc dinh tan so va dang dao dong rieng 
0 tin' du (2-2) ta da co ket qua tan so va dang dao d6ng rieng: 


W = 


co, [6,9282 


EJ 187 1 


co, 10,4745 V Mr 284 


- :[o] = [ 1 ! 1 
s 1 J [-1 ij 


2. Xdc dinh xung khai trien theo cdc dang rieng: 


Vecta xung tac dung vao he: {S} = 


S [0,01 


0 0 


Tinh vecto xung khai trien vao dang chfnh thu i theo (2-119) 


fS| 1 = , Jjj 1 > = — —71 

M mm a ~i\m 


1 0 1 s 1 


{1 -1}M 1 ° 


Ma tran xung khai trien cua ca he: 


1 Olfl s\\ 


{* 'I 


(1 1}M ‘ ° H >JL1J 2L> 


[s Kh ]=[{s,},{s 2 }] = ||_ 1 1 [} 

3. Xdc dinh vec ta life dan hoi: theo cong thitc (2-127) 

< , r i/ , Sf 1 ll foo, sinco.t 1 

{Pj(t)} =[S Kh ]{Kj(t)} = — j . r = 

2 |_ —1 1J [C0 2 slnW 2 t J 

S [ (to, sinc 0 [t+ co 2 sinco 2 t) 1 

2 |(-co 1 sinco^+ co 2 sinco 2 t)J 

4. Xdc dinh momen non tai A 

Tir bifeu do trang thai defn vj cho tren hinh 2.12b; ta co gia tri momen uon tai A do lire 
P = 1 dat tai A va B gay ra la: 


; m A2 =— 


Vay, momen uon tai A se la: 

M a (') = {M ai , M«j 


Pd., 0 ) 

p.,,0) 


= (M A , P d.,<') + M A2 .P J2 (t)) 
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S f13/ 3/ 1 

M.(t) = - —(co, sin co,t + co, sin co,t) -—(-co, sin co, t + co 2 sin co 2 t) > 

2 [ 64 64 J 

M A (t) =7,0125(sin 187t + 0,94sin 284t). kNm 

§11. TINH DAO DONG CUONG BOC H$ HCtJ HAN BAC TIT DO THEO PHl/ONG 
PHAP KHAI TRIEN TAI TRONG THEO CAC DANG RlfiNG 

1. Xac dinh tai trong theo cac dang rieng 

Tuong tu nhu cac phan trade, vecto tai trong dong ben ngoai tac dung vao he duoc 
khai trien vao cac dang dao dong rieng: 

{P(t)} = {P,(t)} + {P 2 (t)J + ... + {Pj(t)} + ... + {P n (t)} 

Ta cung dat: 

{P i (t)} = a i (t)[M]{q> i } 

Va tien hanh tucfng tu nhu khai trien chuyen vi va toe do ban dau vao cac dang rieng 6 
phan dao dong tu do. se nhan duoc 


{Pi(t)}= {ir[i]{i} [M){<Pi} 


Khi chi khai trifen vecto cuong do tai trong dong ben ngoai, ta co: 




(2-129) 


(2-130) 


Gop cac vec to tai trong theo cac dang rieng, ta duoc ma tran tai trong khai trien cua 


ca he: 


[Pk B ] = [{P,}.{P 2 }.---{p„}] = 


p, 


21 


12 


‘ 22 


la 


P,„ 


P„. P n2 


r nn J 


(2-131) 


Tai trong dong tac dung tai khoi luong K duoc kiem tra theo hang: 

Pk = X P|<i “ ^Pk i + Pr 2 + - + ?Kn ) 

i=l 


(2-132) 


Viec thiet lap ma tran tai trong khai trien (2-131) tir cac vecto {P,} duoc xac dinh theo 
(2-130), nhu vay la ta da khai trien tai trong dong ben ngoai vao cac khoi luong cua he 
theo timg dang dao dong rieng, cung co nghTa la ta da xac dinh tiimg cot ciia ma tran 
[P K J. Ta cung co the: khai trien tai trong dong ben ngoai theo cac dang dao dong rieng 
vao tirng khoi luong thir K cua he, nghla la ta di xac dinh timg hang cua ma tran [P Kh ], 
cong thurc duoc tinh nhu sau: 
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{P k } T = m K diagcp Ki [O]"' [M]"‘ {P} (2-133) 

Trong do: diag cp Ki la ma tran cheo co cac phan tu tren dudng cheo chinh la (p Kj , 
i = 1, 2, ...n. 

{P) la vecto cudng do tai trong dong ben ngoai tac dung vao he. 

Khi dung dang dao dong rieng da chuan hoa, cong thtic {P K } T se don gian hon: 

iT .. r^. IT 


{P K } =m K diagcp Kj [O ch ] {P} 

2. Phuong trinh dao dong cua he 

Khi he huu han bac tu do chiu tac dung cua tai 
trong dong co quy luat thay doi bat ky theo thdi 
gian, de tim nghiem ling vdi dang dao dong rieng 
thii i trong trudng hop nay ta co the sir dung 
phuong trinh nghiem cua he huu han Me tu do 
chiu tac dung xung. Muon My, tren bidu do tai 
trong umg voi dang chinh thtr i, ta tach ra mot phan 
to tai trong ung vdi thdi diem x (hinh 2.13). Xem 
rang tai thdi diem x he chiu tac dung cua xung 
luong phan to {dS;}: 


(2.134) 



Hinh 2.13 


{dS,} = 


dSjj' 


P.i, dx ' 

dS 2i 


P 2i,t dT 

< 

' * 

y 



P dx 

t 1 m ,T 


-{Pi,}* 


Xung luong phan to nay se gay ra chuydn vi duoc xac dinh theo (2-123) nhu sau: 

sine)j(t-x) 


{dy,(.)}=[M]-'{P tt }dT 


CO; 


Chuydn vi loan phan la tich phan bieu thurc tren: 

{y i (t)} = [M]' 1 {P i }K ai (t) (2-135) 

Trong do: {P,} la vecto tai trong khai trien vao dang chinh thtr i duoc xac dinh theo 
(2-130): 


K a j(0 = — Jf(x).sincOj(t-x)dx 

00 : ,, 


(2-136) 


Vecto chuyen vi ca he bang tong cac vec to chuyen vi doi vdi cac dang rieng: 

{y«)> = [M]"' [P Kh ]{K„(t)} (2-137) 

Trong do: [P Kh ] la ma tran tai trong khai trien theo cac dang rieng duoc thiet lap theo 
cong thuc (2-131); {K ai (t)} la vec to co cac ph^n tu la K ai (t) duoc xac dinh theo (2-136). 
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Ta thay rang, phuong trinh dao dong he hffu han b«ic tu do (2-137) co dang tucmg tu 
nhu phircfng trinh dao dong he mot bSc tu do (1-185). 

y(t) = ——— fP(x)sinro(t -x)dx = M 1 .P m .K a (t) 

M.co,'; 

i t 

Vofi: K a (t) = - Jf(x).sin<D(t-x)dx 

® o 

3. Bieu thuc lire dan hoi 

Luc dan hoi co the duoc xac dinh tir ma tran ctfng [K] va vec to chuyen vi dong {y(t)} 
cua he da tinh duoc d tren. 

{P d (t)}=[K]{y<t)} (2-138) 

Ta cung co the xac dinh luc dan hoi tir ma tran tai trong khai trien theo cac dang rieng 
va vec to he so dong hoc theo then gian. Tuong tu nhu luc dan hoi cua he mot bac tu do 
chiu tai trong dong bat ki (1-191). 

Pj(t) - P m -K(t) 

Vdi K(t) = coJf(T).sino}(t-T)dx 

o 

O he hull han bac tu do, vec to luc dan hoi ung voi dang dao dong rieng thur i duoc viet 
nhu sau: 

{ p d .,<0} ={P,}-K i (t) (2-139) 

Vdi {P|} la vecto tai trong khai trien ung vdi dang i, K,(t) la he so dong hoc theo thdi 
gian ung vdi dang i: 


Kj(t) = o)j Jf(x).sintOj(t -x)dx 


(2-140) 


Tir cac vec to lire dan hoi ung vdi cac dang rieng, ta se co vecto lire dan hoi ciia ca he: 

{P J 0>} = [P Kh ]{K i (t)} (2-141) 

Trong do [P Kh ] la ma tran tai trong khai trien theo cac dang dao dong rieng duoc thiet 
lap theo (2-131), |K, (t)} la vecto co cac phan tir la Kj(t) duoc xac dinh theo (2-140). 


{K.(0} = 


K,(t) 

K 2 (t) 

K n (t) 


(2-142) 
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Thi du (2-9): Xac dinh chuydn vi tai cac khoi luong cua he cho a hinh 2.14, cho 


ml 


EJ 


m, = m, = m 3 - — ; P,(t) = P 2 (t) = P,(t) - Psinrt, r ~ 10,/—-; EJ = const. 
4 V m/ 4 


P,(t> I P 2 W I p 3 m 


A *3 

4 m, ' 

6 ' 4 

> 

m 2 ' 

i 1 a 

m 3 £ 

i - 3 m - o 

3 

w \ 

- " 4 . 

A 

H 4 J lli 


r 

r_- T - 

/ 


Hinh 2.14 


1 Tan so va dang dao dong rieng 

He nay co 3 bac tu do la 3 chuyen vi thing dirng tai 3 khoi Iirong. 
Ma tran khoi tuang cua he: 

1 0 O' 

0 1 0 
0 0 1 

Ma tran do cung tinh duoc ket qua nhu sau: 

7296 -4584 1728 

-4584 5568 -3720 

1728 -3720 3840 


[K] = —H 

1 1 97 / 3 



Tin so dao dong rieng duoc xac dinh theo phuong trinh (2-37): 

15,504' 

{co} = 149,052 
91,53 


_L IEl 

I/ 2 Vm 


Cac dao dong neng duoc tinh theo cong thuc (2-46), ma tran cac dang dao dong rieng la: 



1 1 
2,221 0,421 
1,878 -1,02 


1 

-0,954 

0,596 


Chuain hoa cac dang dao dong rieng theo (2-69): 



0,3251 

0,7221 

0,6106 


0,6726 

0,2771 

-0,6861 


0,6644 

-0,6338 

0,396 


Trongdo: a = ^-\/W 
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2 . Xjc dinh tai trong khai trien theo cdc dang rieng 

KH p i 

* Su dung cSng (hire (2-129): (P,l = - 

K M M 


[M]{(Pij 


a 



P 

"l 

0 

0 * 


0,325' 

1 _ 

0,539 

(0,325 0,7221 0,611} < 

P 

0 

1 

0 

a 2 < 

0,722 

1,1973 > 


P. 

0 

0 

1 


0,611 

L J 

a 

1,0131 



r 

P 

'1 0 O' 

0,6726 


0,1774' 

(P 2 } = (0,6726 0,2771 -0,6861} < 

P ' 

,P. 

0 1 0 

0 0 1 

0,2771 

-0,6861 

V — < 

0,0731 > 

0,1809 


P 

<P 


{p 3 } ={0,6664 -0,6338 0,396} 

Vay: 

{Pn}=[P,. P 2 . P 3 ] = 


10 0 
0 1 0 
0 0 1 


0,6664 
-0,6338} = 
0,396 


0,2836 

-0,273 

0,1697 


0,539 1,1774 0,2836 

1,1973 0,0731 -0,273 

1,0131 -0,1809 0,1697 
t 


Sudung congthuc (2-134): {P K } = m K diagcp Kl [d> ch ] {P}: 


{P I } T =m l diagcp li [<P th ] T {P}=-^- 

*+ 3 


0,3251 0 0 

0 0,6726 0 

0 0 0,6644 


0,3251 0,7221 0,6106 
0,6726 0,2771 -0,6861 
0,6644 -0,6338 0,396 



P 


P 


P 


|P.} T = 


0,3251 0 0 

0 0,6726 0 

0 0 0,6644 



1,6578 


0,53895 

■< 

0,2636 

>p = < 

0,1773 > 


0,4266 


0,2834 


{P 2 } T =m 2 diagcp 2i [O ch ] 1 {P} = 


{P 3 } T = m 3 diag(p 3i [O ch ] T {P} = 


1,197 

0,0731 }P 
[-0,2725 
1,0122 1 
-0,1809 ^P 
0,1702 


Cac ket qua nay dung vdi ket qua da nhan dude theo each tinh ap dung cong thirc 
(2-129) 6 tren, co sai so' rat nho. 
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3. Phuong trinh dao dong cua he 

Trudc het ta tmh cac phan t£r cua vecto cac he s6' anh huong dong hoc theo (2-136). 


1 1 si 

K aj (t) = — fsinnsinco i (t-x)dT = -y 
( 0 ; „ cor 


sinrt 


a): -r 


Thay cac gia tri to, vao cong thirc tren, ta co duoc vecto cac he so anh hudng dong hoc 
nhir sau: 


X,(t) 


0,0072825’ 

K a2 (t) 

► = 5 

0,0004336 • 

K 0 (t) a 


0,0001208 


ml 4 

~EJ 


-sinrt 


Chuyen vi cua he duoc tmh theo (2-137) 


{Y(t)} = [M]-'[P kh ]{K ai (t)}=- 


'0,539 

0,1774 

0,285 ' 


" 0,00728 ' 

1,197 

0,073 

-0,273 

P 

0,000434 

1,0123 

-0,181 

0,169^ 


0 ,000121_ 


m r 


EJ 


-sinrt = 


'0,01615 

0,03462 

0,02962 


P/ 3 . 
-sinrt 


EJ 


Tludu 2.10: 

Xac dinh chuyen vj tai cac khoi luong cua he cho hoi phuong trinh can bang lire sau: 


'2 0l [y, 

_° l \\h 





1. Xac dinh tan sd'va dang dao dong rieng. 

Theo phuong trinh (2-37) |[K]-© 2 [M]| = 0 ta duoc 

= 0, trong do: u = to 2 , khai trien dinh thuc va giai phuong trinh ta nhan 
duoc: u, = 2; u 2 = 5. 


|(6-2u) -2 
|-2 (4-u) 


Do do: 


W = 


Vs I 


Cac dang dao dong rieng duoc xac dinh theo cong thutc (2-46), ket qua nhu sau: 

*1 1 ' 

1 -2 

L J 
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De chuan hoa cac dang dao dong rieng ta su dung c 6 ng thufc (2-68) va (2-69), ket qua 
ta nhan duoc: 


Kl= 


1 

s 


1 

2 


~ 
i 3 

ti 

3 


2- Xdc dinh tai trong khai trien theo cdc dang rieng 
Six dung cong thurc (2-130) ta duoc: 

3. Xdc dinh chuyen vi tai cdc khoi Itfc/ng cua he 

Tir cong thuc (2-137) ta co phuong trinh dao dong cua he nhvr sau: 


2 -2 
1 2 


f Y <*H 


1 0 1 10 -4 

0 2j3[5 4 

^ 5 j — 2 / — 

1 —cosy2t +—coss/5 t 
, 3 3 

3--cosV2t—cosV5 t 
, 3 3 


( 1 -COS V 2 t)] 

a-cosV5t)| 


4. Xdc dinh life dan hoi theo (2-141) 
{P d ) = [P kh ]{K i (t)} = 


10 


2 -2 

1 2 


|(1 -cosV 2 t) | 
1(1 -cos \/5t)j 


{Pd(t)l = ^ 


[(2 cos V51 - 2 cos V 21 ) 
(3 - COS yjlt-2 COS V 5 t) 


5. Xdc dinh chuyen vi cua he theo (2-128) 


(f 


1 

'4 2 

10 < 

20 

_2 6 

3 ' 




1 -—cosV 2 t + —cosV51 
3 5 


3—cos V2t- — cos Vst 
A, 3 3 

Gia tri chuyen vi nay co the nhan duoc tit (2-137) 

Nhd ring tir luc dan h 6 i da nhan duoc 6 tren ta khong chi xac dinh duoc chuyen vi ma 
con xac dinh duoc ca noi luc cua diem bat ki tren he. Viec xac dinh noi luc co th 6 duoc 
tien hanh trude viec xac dinh chuyfin vi cua he. 
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§12. TINH DAO DONG CUONG BlTC HE HCXJ HAN B£C TIT DO THEO PHI/ONG 
PHAP TOA DO TONG QUAT 

1. Toa do tong quat 

Doi vpi dao dong cua he hiru han bac tu do, chuyen vi cua he co the phan tich thanh tong 
cua cac chuyen vi thanh phan umg vdi tung dang dao dong rieng. 

{Y(t)} = I{Y i (t)} = {Y 1 (t)} + {Y 2 (t)} + ... + {Y i (t)} + ... + {Y n (t)} (2-143) 

. i=J 

De xac dinh cac chuyen vj thanh phan |Yj(t)}, 0 phuctng phap khai trien tai trong 

theo cac dang rieng, ta xem {Y,(t)} dupe gay ra boi tai trong khai trien theo dang chinh 
thur i {Pj(t)| cua he tai trong dong ben ngoai, va muon tim {Y ; (t)} thi trude tien phai xac 
dinh tai trong khai triefn {PiO)). 

6 day, ta xem {Yj(t)} bang tich cua chinh dang dao dong rieng {(pj vdi mot dai 
lupng Zj(t) nao do: 

|Y 1 (t)} = {<p i }.Z i (t) ^ (2-144) 

Neu tim dupe cac dai lupng Z,(t) do, thi ta se xac dinh dupe cac chuyen vi thanh phan, 
va do do se xac djnh dupe chuyen vi cua he. 

Cac dai lupng Z;(t) do dupe goi la cac toa do tong quat cua he. Phuong phap tinh dao 
dong cua he huu han tu do di tir viec xac dinh cac toa do tong quat dupe goi la phuong 
phap toa dp tong quat. 

Dua (2-144) vao (2-143) ta co: 

(Y(t)} ={cpPZ, +{cp 2 }Z 2 +... + {< P .}Z, +...+{<p„}Z„ =[4>]{Z(t)} (2-145) 


Ta lai lay so dp dam mot dau ngam, co ba khoi lupng dP minh hoa (xem hinh 2.15): 



I/ink 2.15 


Tit (2-145), ta cung thay rang: ma tran cac dang dao dong rieng [O] la ma tran de 
chuyen cac toa dp tong quat {Z) vP cac toa dp hinh hoc ban dau (Y). 

Phu hpp vpi tinh chat true giao ciia cac dang dao dong rieng, ta co the bieu thj toa dp 
tPng quat Z t bat ki qua chuyen vi cua he. Muon vay, ta nhan trai bieu thue (2-145) vPi 

{<Pi} T [M]: 

{ Vj } T [M]{Y(t)} = {(p j } T [M]{(p i }Z 1 (t) + ... + {(p j } T [M]{(() i }Z i (t) + ... + {(p i } T [M]{cp j }Z i (t) 
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Ap dung tmh chat true giao (2-58) vao ve phai cua bieu thirc tren, ta duoc: 


Suy ra 


{l>,) T [M]{Y(t)}»j.|) 1 j T [M]{9,}.Z,(t) 

Z(t) _hTMM 

{l>i} T [M]{<Pi} 


(2-146) 


2. Xac djnh cac tea do tong quat 

Phuong trinh vi phan dao dong cua lie huu han bac tu do khong xet anh hudng cua lire 


can nhu da biet (2-12) vdi C = 0. 

[M]{ Y(t)} +[K]{ Y(t)} = {P(t)} (2-147) 

Ta se sir dung tinh chat true giao cua cac dang dao dong rietig de xac dinh cac toa do 
t 6 ng quat. Muon vay, trude het ta dua phuong trinh (2-145) va dao ham bac hai cua no: 

{Y(l)}=[0](Z(l)l vao phuong trinh (2-147), ta duoc: 

[M] [ 0 ]{Z(t)j +[K][0]{Z(t)} = {P(l)} (2-148) 

Nhan trai hai vc cua phuong trinh (2-148) vdi cp^ : 

{<P i } T [M][<D]{Z(t)} + {q» i } T [K][0]{Z(t)}={q> i } T {P} (2-149) 

Khai tricui cac thanh phitn 6 ve trai cua phuong trinh (2-149) va sir dung cac bi 6 u thurc 
tinh chat true giao (2-58) va (2-59). ta se nhan duoc phuong trinh sau: 

{<p l } T [ M ][, 1 ]{Z 1 ( t )} + { ( p 1 } T [ K ] { ( p 1 }.{Z l (t) H iPi} i {P(l)} (2-150) 

Ta dua vao cac ki hieu nidi: 

={ ( P,} T [M]{tp,} (2-151) 

K > ={ ( P, } T [ K ]{ ( Pi} (2-152) 

P i (l) = {qj i } T {P(t)} (2-153) 


M, duoc goi la khoi luong t 6 ng quat, K,: duoc goi la do cirng tong quat, P ; (l) - goi la 
tai trong tong quat cua dang chinh thir i. Giua khoi luong t 6 ng quat va do cung tong quat 
co su lien he vdi nhau bdi cong thurc (2-60): 

[K]{< Pl } = o>r[M]{<Pi} 

Nhan trai hai ve cua ditng thirc tren vdi {<Pj } 1 , ta duoc 

K; =w J 2 M i (2-154) 

Sir dung ciic ki hieu (2-151), (2-152), (2-153), ta viet lai phuong trinh (2-150) nhu sau: 

M i Z | (t) + K i Z,(t) = P i (t) (2-155) 
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(2-156) 


Chia hai ve cua phuong trinh (2-155) cho M,, co sir dung (2-154) ta duoc: 

Z j (t)+coJZ 1 (t) = ^ 

Mi 

Phuong trinh (2-156) la phuong trinh vi phan dao dong he mot bac tu do vdi tan so ca,. 
Giai phucfng trinh nay ta duoc nghiem la toa do tong quat Z;(t), no duoc xac dinh bang 
tich phan Duamen (1.185): 

1 V 

Z ; (t) =-fP j (T)sinco j (t-t)dT (2-157) 

MjtOj „ 

Vdi bai toan dao dong tu do, phuong trinh (2-156) se la: 

Z j (t) + cofZ i (t) = 0 (2-158) 

Nghiem tirong ung cua phucfng trinh nay nhu da biet a (1.45) 

Z 

Z;(t) = Z, (1 coscOjt-i—^-sintOjt (2-159) 

Cl); 

Cac Zj_„ va Zj () duoc xac dinh t£r di6u kien ban dau d (2-146) va bieu thiic dao ham 
cua no. 

Nhu vay, bang phep bien doi va sir dung cac toa do tong quat (2-145), ta da dua 
phuong trinh vi phan dao dong co su lien he trong cac ma tran [K], [M] ve he chi chira 
cac phuong trinh vi phan doc lap vdi cac toa do tong quat, mdi phuong trinh ddu img vdi 
he mot bac tu do va dd dang nhan duoc nghiem. Dudi day ta se xet mot so thf du minh 
hoa va so sanh vdi ket qua nhan duoc d phuong phap tren. 


Thi du 2-11 

Tinh dao dong cua he cho d thi du (2-9) 



P,(t) = P 2 (t) = P 3 (t) = Psinrt. 


EJ = const. 



I. Tan so vd dang dao dong rieng 
6 thi du (2-9) ta da co: 


Hinh 2.16 


1 

\ 15,504 


1 EJ 

V m/ 4 


'0,3251 

0,6726 

0,6664 ' 

{“) = 

49,052 

>• 

1 

II 

0,7221 

0,277 

-0.6338 


91,53 



0,6106 

-0,686 

0,396 _ 


2- Xlic dinh khd'i liMng tong quat va tai trong tong quat 


a 


M | = 1, M, = 1, M, = 1 (vi dung cac dang dao dong rieng da chuan hoa). 
Cac tai trong tdng quat duoc xac dinh theo (2-153): 
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P,(t) = {cp 1 } T {P(t)} =-{0,3251 0,722 0,6106} \ 1 [.Psinrt = 1,6578 


Psin rt 


P 2 (t) = {<p 2 } T {P(t>} = —{0,6726 0,277 -0,6861} { 1 [.Psinrt = 0,2636 


Psinrt 


p 3 (t) = {(p,}' {P(t)} = -{0,6644 -0,6338 0,396} {1}. Psin it = 0,4266- 


3. Xdc dink cac toa do tong qudt: theo (2-157) 

Z i (t) = I7~" JPi(' c ) s i n ©i( t - T ) dT = ^'K ai ( t ) 


Psinrt 


Trong do: 


M i W i () 


K :(t) = — [sinr TsincOj(t-t)dx = 

/A * 


2 2 
cof -r 


d thi du (2-9) ta da c6: 


{0,0072825' 


K ai (t)} =1 0,0004336 [-sinrt 

0,0001208 EJ 


Vay cac toa d6 tong quat: 


r Z,(t)l [P.K ,(t) 1 {0,16578.0,0072825 


{Z(t)} = } Z 2 (t)} = P 2 K a2 (t) {= 0,2636.0.0004336 }-Psinrt 

Z 3 (t)J [p 3 K a 3 (t)J [o, 4266.0 ,0001208 J d 

{0,01207 1 

{Z(t)} = 10,0001142} —-Psinrt 
0,0000515 aEJ 


4. Chuyen vi cua cac klioi h«Jng: 

'0,3251 0,67265 0,6644 ][ 0,01207 ' 

{Y(t)} =[o]{Z(t)} = 0,7221 0,277 -0,6338 ]0,0001142 

0,6106 -0,686 0,396 J[0,0000515 

{0,016144} , 


■Psinrt 


{Y(t)} = <; 0,034868 }-sin rt 

0,029255 EJ 

Ket qua nay triing voi ket qua cua phuang phap tai trong khai trien theo cac dang 
rieng da xet a thi du (2-9). 
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Thi du 2-12 

Tinh dao dong cua he cho b thi du (2-10), he co phucfng trinh vi phan dao dong viet 
b dang: 


7 (,) }- 

Wo] 


2 0 
0 1 

1. Tan so va dang dao dong rieng 
C) thi du (2-10) ta da co: 


6 -2 
-2 4 


W‘>l 

WoJ 


[o 1 

10 


{»>= 


U~2] 


■ [•*]- 


1 1 

If 

73 2\ 

'3 

1 j 

12 

L73 v 

3 _ 


2- Xdc dinh khoi hccfng tong qudt vd tai trqng tong qudt 
M, = M 2 = 1 (vi dung cac dang dao dong rieng da chuan hoa). 
Cac tai trong tong quat duoc xac dinh theo (2-153). 

10 


p,<o=m t {p!={^ {; 0 }= 

p 2 <o=W t |p) = M •< 


'°1 

10 


-‘Nf 


Cac phucfng trinh vi phan dao dong viet vdi cac toa do tong quat theo (2-156): 

Z 1 (t) + 2Z,(t) = -J| 

Z 2 (t) + 5Z 2 (t) = -loJ- 
3. Xdc dinh cac toa do tong qudt 

Nghiem cua hai phuong trinh vi phan tren vdi dieu kien ban dau bang khong tim dugc 
nhu sau: 


Z. ( t ) = —p- {1 — cos V2t) 
v3 

Z 2 (t) = 2 (-1 + cos 751) 


4. Chuyen vi cua he 

{Y(t)} = [<P]{Z(t)} = 


_L J_ / 2 
73 2 V 3 

JL T 

S V 3 


-4=-(l - cos 72 t) 

73 

2 (-1 + cos 751) 
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1 —cos \f2l +—cos J5t) 

,3 3 j 

3-—cos J2 1-—cos V5t 
,3 3 j 

Ket qua nay hoan toan dung vdi ket qua da nhan duoc 6 thi du (2-10). 

Dudi day ta se tfnh cac gia tri chuyen vi cua he b 12 budc Ihdi gian, vdi m6i bade 
At = 0,28, ket qua cho a bang (2-1). 

Bang 2-1 


Thai 

gian 

At 

2At 

3At 

4At 

5At 

6At 

7 At 

8At 

9At 

lOAt 

— 

11 At 

12 At 

|Y(t)J 

0,003 

0,038 

0,376 

0,486 

0,996 

1,66 

2,338 

2,861 

3,052 

2,806 

2,131 

1,157 

0,382 

1,41 

2,78 

4,09 

5,0 

5,29 

4,986 

4,277 

3,457 

2,806 

2,484 

2.489 


Thidu 2-13: 

Tinh dao dong tu do cua khung ba t3ng cho 0 thi du (2-3). 
Biet cac dieu kien ban dau cua he: 


WWMMm 


( y uh y 1= 


1,27' 


° 1 

1,01 

• cm 4 Y UH v ”}=- 

22,86 

0,76 

0 


1,5m 

1 mnmMnm 


cm/s 


/77^7? 


2m 


mnunnminm 


2K 


3K 

/777777 


Hinh 2.17 


Cac ma tran (co}, [M], [O] da co d thi du (2-3) 

- Xac dinh cac toa do tong quat tai thdi die’m ban dau theo 
bi6u thutc (2-146) cho ca he: 

Trong do: [MJ la ma tran cheo chua cac phan tir la cac khoi luong tong quat ung vdi 
cac dang dao dong rieng. 




rM, 0 0 

0 M 2 0 


0 0 m 3 

m H<Pi}'[M]{<p,} = {1 0,644 0,3 0,178} 

M 2 ={cp 2 } T [M]{(p 2 } = 2,456.1,78 


‘l 

0 

0 “ 


1 

0 

1,5 

0 

< 

0,644 > 

0 

0 

2 


0,3 


= 1,802.1,78 
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0,555 0,539 0,335 

0.407 -0,367 0,552 
0,043 -0,166 0,214 


[1,27] [1,503 

1,01 1 = 1-0,274 


[0,76J [0,048 J 

- Xac dinh dao ham cac toa do tong quat tai thcfi diem ban dau vigt cho ca he theo 
bieiu thdc sau: 


0 ] [ 12,26 ' 

{Z,,} = [M c ] 1 [<t»] T [M]{V () ] = [M c ] 1 [<J)] T [M]| 22,861 = < -8,382 lem/s 

0 J [ -3,81 

- Cac toa do tong quat cua he duoc xac dinh tir phuong trinh (2-159), d day viet cho ca 
he nhu sau: 


Z, (t) l.SOScosco,! p,846sin® l t 
{Z(t)| =< Z 2 (t) > = < -0,274 cos co 2 t > + < -0,27 sin co 2 t ► 

Z^(t) 0,048 cos <X) 3 t -0,083 sin <x> 3 t 

- Phuong trinh dao dong tu do cua he: 

1 1 1 

{Y(t)} = [o]{Z(t)}= 0,648 -0,602 -2,58 {Z(t)} = 

0,302 -0,678 2,485 

1.503 -0,274 0,048 ] [costop [ 0,846 -0,27 -0,0838] [sinco,t 

= 0,973 0,1649 -0,124 |cosco 2 tU 0,5482 0,1625 0,2141 Jsinco 2 t 

0,453 0,1857 0,12 J [cosco 2 tj 0,2555 0,1831 -0,2602 J [sinco^t 
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§13. PHUONG PHAP KHAI TRI^N TAI TRONG THEO CAC DANG DAO DONG 
RIENG TINH HE CHIU TAI TRONG Dl£u HOA 

Khi he chiu tac dung cua tai trong dong co quy luat thay doi theo then gian la quy luat 
dieu hoa 


{P(t)| = 


p, 


>.sin rt 


L P n. 


(2-160) 


thi, chuyen dong cua he khi on dinh cung thay doi vdi quy luat dieu hoa, nghia la, 
nghiem cua phirong trinh vi phan co ve phai cua phuemg trinh: 


[M]{Y(t)} + [K]{Y(t)} = {P(t)} 


Se la: |Y(t)} = {Y} sin rt 

Trong do: {Y) la vec to chura cac bien do dao dong cua he. 

Dua (2-162) va dao ham bac hai 

{Y(t)} = r 2 {Y}sinrt 

vao (2-161) ta duoc: 


(2-161) 

(2-162) 


<[K]-r 2 [M]){Y} = {P} 


(2-163) 


Ta tim nghiem cua phuong trinh (2-163) dirdd dang to hop tuyen tinh ciia cac dang dao 
dong rieng chualn: 


{Y}=K1{Z} 


(2-164) 


Trong do: [O ch ] la ma tran cac dang dao dong rieng da dupe chuan hoa: {Z} la vec to 
co cac phan tir la bien dp dao dong cua cac dang, no chinh la cac toa dp tong quat chua 
biet. Dua (2-164) vao (2-163), ta dupe: 

([KlKh ]-r 2 [M]K4){Z} = {P} (2-165) 

Nhan trai hai ve cua phuong trinh (2-165) voi |O th | , ta co: 

(K«] T [K]Khl-l 2 K4 T [M][® th ]){Z}=K 1 J T {P} (2-166) 

Ap dung di6u kien true chuan (2-70) va (2-72) vao ve trai cua phuong trinh (2-166), ta 
viet lai phuong trinh nay nhu sau: 


([Q]-r 2 [E]){Z} = K h ] T {P} 


(2-167) 
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Nhan trai hai ve cua phucfng trinh (2-167) vPi 
cac toa do tong quat: 



, ta nhan dupe nghiem la 


)Z} = [fi-r 2 E]''[<t. th ] T {P) 

(2-168) 

Dua (2-168) vao (2-164) ta nhan dupe chuyen vi ciia hp: 


{ Y }=Kh][n-r 2 E]"'K*] T i p ! 

(2-169) 

Tadat: [D] = [a-r 2 ET' 

(2-170) 

Dua vao ki hieu: 




s - 1 

i ” 2 2 

(2-171) 


cOj -r 


Khi do: 

[D] = diag(Si) 

(2-172) 

Neu dat: 

[G] = K][D]K,] T 

(2-173) 

Thi: 

{Y} = [G] {P} 

(2-174) 


Ma tran [G] dupe goi la ma tran giai thurc Green. 

Nhu vay, khi tfnh he chju tai trong dieu hoa, ta chi c&n xac dinh ma tran Green, roi 
nhan vpi vecto bien dp tai trong la nhan dupe vecto bien dp dao dong cua he. 


Thi du 2-14: 

Tinh dao dong cua he cho a thi du (2-9) 


ml 

m, = m 2 = m 3 = —; EJ = const 
P,(t) = P 2 (t) = P 3 (t) = Psinrt; r = 10 


I EJ 
ml 4 


p,(t) 

m 


M P2WJ 

f ^ f 


P3O) J 
m 3 f 


HA r | | If A 


HA 


HA 


Hinh 2.18 


d thi du (2-9) ta c6: 


[O] = diag (cof) = 


237,314 

0 

0 


0 0 
2406,1 0 

0 8377,7 


EJ 

ml 4 
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0,3251 0,6726 0,6644 

[O ch ]= 0,7221 0,2771 -0,6338-- 

|_0,6106 -0,6861 0,396 

Ta tinh ma tr<in [G] theo cong thurc (2-173). 

'0,3251 0,6726 0,66441 [ 137,31 0 0 T* 

[G] = [O i;h ][D][O th ] T = 0,7221 0,2771 -0.6338 0 2306,1 0 x 

|_0,6106 -0,6861 0,396 J L 0 0 8277,7_ 

'0,3251 0,7221 0,6106 ] [0,001019 0,00174 0,001277 

x 0,6726 0,2771 -0,6861 = 0,00174 0,00388 0,0031 

0,6644 -0,6338 0,396 J [o, 00 1277 0,0031 0,00294 

P] [0,01615] 3 

Vay: {Y} = [G]{P} = [G]| P ► = 0,03488 ► — 

P [o, 02928 ^ 

Do do dao dong ciia he: 

0,01615] 3 

(Y(t)} = < 0,03488 lx— sinrt 
0,02928J EJ 

Ket qua nay dung voi ket qua da rihan duoc 6 hai phurong phap tren. 



§14. LUC TUONG LING VOl TRANG THAI DONG VA MA TRAN MEM DONG 
HOC TONG QUAT CUA Hfi HCtJ HAN BAC TU DO CHIU TAI TRONG 
D0NG BAT Ki 

1. Xac dinh vector luc tuorng irng voi trang thai dong ciia he huru han bac tir do 
chiu tai trong dong bat ki 

O phucrng phap khai trien tai trong theo cac dang rieng, ta co vecto tai trong khai trien 
dang i (2-130): 

i %V[mkL> [ m]W 

Gia tri tai trong khai trien vao khoi luong K ling v6i dang dao dong rieng thu i duoc 
xac dinh tir bieu thirc tren nhu sau: 


Pki = 


{^} T {P} 


m K'<l>Ki 
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Vdi M, la khoi luong tong quat thii i. 

Vecto lqc dan hdi ling vdi dang dao dong rieng thii i duoc xac dinh theo (2-139): 

{P< u (t>} = {P i }.K,(0 (b) 

Vdi K;(t) la he so dong hoc theo thcfi gian duoc xac dinh theo (2-140). TOr cac cong 
thiic (a) va (b) ta co lire tuong ling vdi trang thai dong tai khoi luong K ting voi dang dao 
dong rieng thii i: 

|(p;} T {P} 

Pd,K - ^Ki -Kj(t) - m K .(p Ki —— -Kj(t) (c) 

M i 

Do vay, vec to lire tuong ung vdi trang thai dong ung vdi dang dao dong rieng thii i se la: 

)P d (t)}=[M]{<p,}^H) T {P) (d) 

Cuoi cung, vec to lire tuong ung vdi trang thai dong cua ca he duoc viet nhu sau: 


{Pd<»HM] [®] diag Ml [<t>] T (P} 


(2-175) 


K (t) 

Trong do: diag— 1 —- la ma tran cheo co cac phan tu nam tren dudng cheo chinh bang 
M. 


— 1 —, i = 1, 2 ,... n; Neu dung cac dang dao dong rieng churtn, thi tSt ca cac khoi luong 
M, 

tong quat M ( deu bang 1. 


Cong thiic (2-175) cho phep tinh true tiep duoc vecto lire tuong ung vdi trang thai 
dong {Pj(t)}, tu do co the xac dinh noi lire va chuyen vi dong cua he dao dong. 

Thidu 2.15: 

m/ 

Ve bieu dd momen uon dong cua he cho tren hinh 2- 19a. Biet: m, = nn = m, = —; 

’ 4 

P,(t) = P,(t) = P,(t) = P.sinrt; r = ^ J— , EJ = const. 

/ V m 

L p.m Lp#) Ipj< 

—i- i -—L 


ro, 

j/4 t | , 114 _ I 114 , 1 , //4 


~L 


Hinh 2-19 




xp; 
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Ma tran khoi luong va ma tran cung cua he: 

[10 0] [ 7296 -4584 1728 ' 

[M] = — 0 1 0 ; [K] = ^ -4584 5568 -3720 

4 0 0 1 9?/ [ 1728 -3720 3840 _ 

6 bai toan dao dong rieng, ta co vecto tan so va ma tran cac dang dao dong rieng da 
chuan hoa (§11). 

[15,4051 ,_ F0,3251 0,6726 0.6644 ] 


15,405 
>} = < 49,052 
91,53 



; [0> ch ] = 0,7221 0,2771 -0,6338 

0,6106 -0,6861 0,396 


a = — Vm/ 

2 

Vecto tai trong dong va vecto he s6 dong hoc theo thoi gian 

P,(t)' [1 

(P(t)} = < P 2 (t) ► = < 1 > P.sinrt 
P,(D 1 


1 : 1 - 


K,(t) , 2 . 1,7283 

Kj(t)}= K 2 (t) = 1: l~ 1= 1,0435 

K 3 (t)J ^ ' [ 1,0121 J 


Vecto luc tuong ling voi trang thai dong dirge xac dinh theo (2-175): 
{Pd(D} = [M][O d ,]diagK,(i)[<|) d ,] T {P} 


fPjWj-a 1 0 I 0 


1 0 0 0,3151 0,6726 0,6644 1,7283 

0 10.- 0,7221 0.2771 -0,6338 0 

0 0 1 a 0.6106 -0,6861 0,396 0 


1,0435 


sinrt x 


1,0121 


0,3251 0,7221 0,6106 


\ 1,40334] 


x- 0,6726 0,2771 -0,6861 U P = ] 1,87151 > P.sin rt 

a 0,6644 -0,6338 0,396 [lj 1,73173 

Gia tri Ion nhait khi sinrt = 1, tuxmg ling ta co: 

'1,40334] 

(P t1 } = < 1,87151 > P 
1,73173 
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Ve bieu do momen udn dong (Mp j: 

Dat vecto lire {P d } vao cac khoi luong va ve^Mp j hinh (2.19b). 

2- Xac dinh ma tran mem dong hoc tong quat 

6 phirong phap cong dang dao dong, co the bieu thi vecto chuyen vi cua he la to hop 
cua cac dang dao dong rieng vdi cac toa do tong quat (2-145): 

{Y(t)}=[0]{Zi(t)} (e) 

Trong do: [O] la ma tran cac dang dao dong rieng; 


{Zj (t)} la vec to co cac phdn tu la cac toa do tong quat Z;(t) 




(f) 


i = 1,2, ...n 


Vdi: 

K ai (0 = — Jf(t)sin 03, (t - T)dx 

®i 0 

(g) 

Tir (f) ta co the viet vec to toa do tong quat cua ca he 



{ Zi (l)j=diag^[®] T {Pj 

(i) 

Dua (i) vao (e) ta duqc: 



{y(t)} = [d)]diag ^ [O] {P} 

(k) 

Hay: 

y(t) = [F d (t)]{P} (2-176) 

(2-176) 

Trong do: 

[F a (,)]»[®]dia g ^[®fjP} 

(2-177) 


C) bai toan tTnh ta luon co {v} = [F] {P}, vdi [F] lii ma tran m£m. vi vay ma tran 
[Fj(t)] d cong thde (2-176) duoc xac dinh theo (2-177) goi la ma tran m6m dong hoc. 

Thi du 2.16: 

Tinh chuyen vi cua he chiu tai trong 
dieu hoa cho d hinh 2.20. 

Biet: P,(t) = P 2 (t) = P,(t) = P.sinrt, 

10 /IT ml 

1 ~ I 2 V m ’ m ! “ m 2 - - 4 

EJ = const. 



h 


Hinh 2.20 



6 bai toan dao dong rieng, ta co vec to tan so va ma tran dang dao dong rieng da 
chuan hoa: 



15,405' 

/ EJ 
Vm l 4 ’ 


'0,3251 0,6726 

0,6644" 

M =< 

49,052 

91,53 


0,7221 0,2771 

0,6106 -0,6861 

-0,6338 

0,396 


a = — v'W 
2 

Vdi tai trong dieu hoa: f(t) = sinrt, ta co K ai (t) = 


{*.«>} = 


sinrt 

^7 


X,(t)' 


l:(<« 2 -r 2 )' 


1:137,31 

<K a2 (t) 

> = < 

l:(co 2 -r 2 ) 

>sinrt = • 

1:2306,1 

K a ,(t) 


lU^-r 2 ) 

1 

I:8277,7] 


ml 4 
EJ 


sinrt 


Ma tran m6m dong hoc dupe xac dinh theo (2-177) viet vdi cac dang dao dong rieng chuan. 
[Fd <0] = ]diagK„ (t) ] T {P} 


M>]=- 


0,3251 0,6726 0,6644 

0,7221 0,2771 -0,6338 

0,6106 -0,6861 0,396 

0,3251 0,7221 0,6106 

0,6726 0,2771 -0,6861 

0,6644 -0,6338 0,396 

Vec tochuyen vj cua he (2-176): 


-i-i 


x — 
a 


137,31 0 0 

0 2306,1 0 

0 0 8277,7 

0,001019 0,00174 0,001277 
0,00174 0,00388 0,0031 

0,001277 0,0031 0,00294 


m / 4 

EJ 


ml 4 

EJa 2 


■ sin rt x 


x sin rt 


{y(o}=[F d (t>]{p}= 


'0,001019 

0,00174 

0,001277' 

m/ 4 

P 

0,00174 

0,00388 

0,0031 

-r-sinrt < 

EJa 2 

p - 

0,001277 

0,0031 

0,00294 

[pj 


{no} = 


0,01615 

0,03488 


p r 

EJ 


sinrt 


[0,02928 j 

Ket qua nay triing vdi ket qua da co d cac thi du (2-9), (2-11), (2-14) 

§15. DAO DONG CUONG BUC HE HUU HAN BAC TU DO CO XET DEN ANH 
HUCfNG CUA LUC CAN 

1. Gia thiet ve lire can va xac dinh ma tran tat dan 

Khi tinh dao dong cudng burc cua he him han bac tu do co xet den anh hudng cua luc 
can ta dung gia thiet: 
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- Luc can ti le vdi van toe - ma tran tat dan thoa man dieu kien trite giao va dirge bieu 
thi bang quan he sau: 

i<Pi} T [ c ]{<Pj! = 2ra M, (2-l 7 8) 

Trong do: e, - tham so tat dan ; 

5^ - ki hieu Cronheker: 

6 ij ={ < f > i) T [ M ]{ c Pj} 

C) (2-178) ta thay rang: Cac dang dao dong rieng cua he khi ke d6'n va khi khong ke 
den anh hudng cua luc can la trung nhau. Chung true giao vdi nhau qua ma tran tat dan 
[CJ. Di6u do co nghla la su tieu hao nang lugng trong qua trlnh dao dong cua he dugc 
tfnh bang tong cac nang lugng hap thu 6 mdi dang dao dong rieng. Nhu vay, tac dung 
cua tai trgng ngoai va cac dieu kien ban dau doi vdi mdi dang dao dong rieng deu co the 
dugc tfnh mot each doc lap. Sir thoa man dieu kien (2-178) se d! dang cho phep tinh dao 
dong cua he hull han bac tu do co xet den anh hudng cua luc can theo phuong phap khai 
trien theo cac dang rieng. 

Phu hgp vdi dieu kien ma tran tat dan thoa man dieu kien true giao. Raylay da gia 
djnh ma tran tat dan bang to hgp cua cac ma tran do cumg va ma tran khoi lugng: 

[C] = a„[M] + a,[K] (2-179) 

Trong do: a„ va a, la cac he so ti le nao do. Cac he so nay dugc xac dinh theo cac gia 
tri khac nhau cua tham so tat dan va tan so dao dong rieng. 

Thi du 2.17: 

Cho hai tan so dao dong rieng cua he huu han bac tu do: o), = 2 va co 3 = 3. Su tat dan 
tuorng umg vdi hai dang dao dong do bang 2% va 10% tat dan tdi han, nghla la: e, - 0,02 
va e 2 = 0,1. Hay xac dinh cac he so a u va a,. 

Dua ma tran tat dan tlieo (2-179) vao (2-178), ta se nhan dugc phuong trinh sau: 

a«+a,cof =2©^, (a) 

Thay cac gia tri co, ,£, va co 2 , e 2 v ^° phuong trinh (a), ta co: 

[a + 4a, = 0,08 

\ (b) 

K+9a,=0,6 

Giai he phuong trinh (b), ta dugc: a () = - 0,336 va a, = 0,104. 

Vay ma Iran tat dan theo Raylay (2-179). 

[C] = - 0,336[M] + 0,104 [K] (c) 

Tit phuong trinh (a) ta co the nhan dugc tham so tat dan ung vdi cac tan so dao dong 
rieng co, bat ki: 
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1 / 2 X -0,336 + 0,104(0? 

e, - ^rK + a i w i ) - 2o+ 


(d) 


Trong cac bai toan thuc te, cac tham so tat dan co the Idn hon 2, khi do, de tlnh a () va 
a, ta dung hai cap gia tri trung binh cua cac tham sd tat dan va tan so dao dong rieng. Ta 
xet thi du sau day: 

Thi du 2.18: 

Cho cac gia trj tan so dao dong rieng va tham so tat dan: 

co, = 2, <a 2 = 3, © 3 = 7, co 4 = 15, © 5 = 19, 

E t = 0,02, e 2 = 0,03, e, = 0,04, e 4 = 0,01, e 5 = 0,14 

Hay xac dinh cac he sd a (> va a! 

Cac he sd a„ va a, nhan dirge tir phuong trlnh do phep the (1.179) vao (2-178): 

a () + a,o? = 2©j£i (a) 

De xac dinh 2 he sd a u va a t ta phai su dung hai cap gia tri trung binh cua cac © ; va £,, 
ta ki hieu la: 

(©i, Ei) va (© 2 , £ 2 ) 


6 day ta lay: 


©, = (©, +© 2 +© 3 ) = 4 ; £| = ^(e, +e 2 +e ? ) = 0,03 

© 2 = i(© 4 +© 5 ) = 17; £j = ~(s 4 +e 5 ) = 0,12 


(b) 


(c) 


The cac gia tri d (b) vao (a), ta nhan dugc he 2 phuong trinh sau: 
a 0 + 16aj = 0,24 1 
a () +289a f =4,08j 

Giai (c), ta dugc: a„ - 0,0498, a, - 0,01405. Vay ma tran tat dan theo Raylay (2-179) la: 

[C] = 0,01498 [M] + 0,01405 [K] (d) 

Thay a„ va a, vao phuong trinh (a) ta se tinh dugc bieu thuc xac dinh cac tham sd tat 
dan ling voi cac tan sd dao dong rieng bat ki: 

0,01498 + 0,01405©? 


£ i =' 


2 ©. 


(e) 


Trong trudng hgp tdng quat, nhu da biet d phan tren: dieu kien true giao cua cac dang 
dao dong rieng con dugc thoa man ddi voi tlch cua so khong han che cac ma tran dugc 
tao nen tir ma tran do cung va ma tran khoi lugng (2-65). Vi vdy, ma trSn true giao tat 
dan co thd dugc bieu thi bang to hgp cua cac ma tran do: 


[C] = [M] X a k [m _1 k] 


(2-180) 
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Trong do: Cac he so a k dupe xac dinh tir viec giai he n phuong trinh sau: 

2 ( 0 iEj =a 0 +a,co'+a 2 <af+... + a n _,cof (n_1) (2-181) 

Can tha'y them ring: Khi k = 1 ma tran tat dan (2-180) se din din ma trin tit din theo 
Raylay (2-179). 

2. Tinh dao dong cuong bufc theo phirong phap khai trien tai trong theo cac dang 
rieng co xet den luc can 

Khi phan tich dao dong cua he thanh cac dang rieng, ta xem chuyen vi cua he bing 
ting cac chuyen vi thanh phan, trong do m6i chuyen vi thanh phan tuong ung vdi mot 
dang dao dong rieng. Bai toan xet chuyen vi doi vdi tiTng thanh phan la bai toan dao 
dong cua he mot bac tu do. Khi xet dao dong cudng buc co ke den anh hudng cua luc 
can, phu hop vdi gia thiet d tren ta cd the xet mot each doc lap timg dang dao dong 
thanh phin nhu he mot bac tu do. 

Phuong trinh dao dong cua he mdt bic tu do chiu tai trong dong bat ki co xet den anh 
hudng cua luc can nhu da biet (1-196): 

y(t) = JP( T) e -6>e(t-T> . sin (D c (t - t)dx 

Mco c ^ 

Hoac co the viet: 

y(t) = ^-K,(t) 

M 

Trong do: 

K a (t) = — |f( T) e” WE(t_T> .sinco t (t - T)dt 

©c o ’ 

Doi vdi he huu han bac tu do, ta vin su dung edng thde (2-132) de xac dinh cac tai 
trong khai trien theo cac dang dao dong rieng, chi cd vecto cac he so anh hudng dong 
hoc se ke den anh hudng cua luc can phu hop vdi he so' K a (t) d tren. Cu th6 doi vdi cac 
phin tu K,,(t) theo (2-136) dupe viet nhu sau: 

K ai(0 = — Jf (T) e~“ i£i(,_T> .sina) ic (t-T) dt (2-182) 

W i,c 0 

Chuyin vi cua he vin dupe xac dinh theo cong thuc (2-137) 

{Y(t)}=[M]“ , [P Kh ]{K li (t)} 

3. Tinh dao dong cirdng burc theo phtrong phap toa do tong quat cd xet den luc can 

Trong trudng hop xet den anh hudng cua luc can, phuong trinh vi phan bieu thi dao 
dong doi vdi cac toa do tong quit (2-155) se cd dang sau (6 day khong trinh bay, vi qua 
trinh tien hanh tuong tu nhu thiet lap phuong trinh (2-155)): 
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M i Z i (t) + C i Z i (t) + K i Z j (t) = Pj(t) 


( 2 - 183 ) 


Trong do: 

C i ={ ( Pi} r [C]{<Pi}=2© i s i M i 

Phuong trinh (2-183) duqc viet lai: 

P it} 

Z ( (t) + 2©, e.Z. (t) + cof Z, (t) = (2-184) 

Day chinh la phuong trinh vi phan dao dting cua he mot b(ic tu do ting vtii tdn so CO; 
doi vtii he co khti'i luqng tong quat M j( do cting tong quat K,, chiu tai trong tong quat 
P,(t), va he co he so tat dan tong quat Q. Toa do t6ng quat Z s (t) la nghiem ciia phircfng 
trinh vi phan (2-184). 

Z:(t) = —^— fP l (T)e" 0, ' e,(t ' T) .sin(o jc (t-T)dT (2-185) 

MjtOj, o 

Chuyen vi cua he la to hop cua cac dang rieng duoc tinh theo (2-145): 

{Y(t)} = [0]{Z(t)} 

Trong do: {Z(t)} la vec to co cac phan tir duqc xac dinh theo (2-185). 

Trinh tu tinh toan he dao dong huu han bac tu do chiu tac dung cua tai trong dong bat 
ki duqc tien hanh nhu sau: 

1. Xac dinh cac tan so dao dong rieng va cac dang dao dong rieng cua he. Doi vtii cac 
bai toan co Ion, ta phai giam c5 bai toan va chi xac dinh mot so tan so va dang dao dong 
rieng thap. 

2- Phan tich tai trong tac dung len he ra cac tai trong khai trien theo timg dang dao 
d6ng rieng; hoac xac dinh cac toa do tong quat ting vtii cac dang dao dong rieng. theo 
(2-130) hoac (2-185). 

3. Xac dinh chuyen vi cua he tir ket qua nhan duqc ma tran tai trong khai trien, hoac 
ma tran cac toa do tong quat 6 butic tren, theo (2-137) hoac (2-145). 

4. Xac djnh luc dan htii dti tinh noi luc cua he. 

|Pj(t) = [K] {Y(t)} 

O phuong phap khai trien tai trong theo cac dang dao dong rieng, luc dan hoi cti the 
duqc tinh true tiep tir ma tran tai trong khai trien theo cac dang chinh dao dong. Tren co 
so da xac djnh duqc luc dan hoi, ta cti the tim duqc chuyen vi va noi luc ciia mot diem 
bat ki tren he, o phuong phap toa do tong quat, luc dan hoi phai tinh qua chuyen vi {Y| 
va ma Iran cting [K]. 
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§16. CAC PHUONG PHAP TICH PHAN TRl/C TIEP 

Phuemg trinh vi phan dao dong he hCru han bac tu do nhu da biet: 

MY t + CY t + KY t = P t (2-186) 

Nghiem cua cac phuemg trinh vi phan dao dong cua he mot bac tu do hoac huu han 
bac tu do deu co the tim duoc bang cac phuong phap tich phan true tiep, a day phuong 
trinh (2-186) duoc lay tich phan theo cac trinh tu budfc so dac biet. Viec lay tich phan so 
true tiep duoc tien hanh tren cac doan thoi gian ngSn va phai dam bao di6u kien can 
bang luc cua phuong trinh (2-186), trong do co tinh den luc quan tinh, luc can tai cac 
di6m roi rac cua khoang thoi gian khao sat. Qua trinh nay rat thich hop va co hieu qua 
khi su dung may tinh dien tu. 

Gia su cac vecto chuyen vi, vecto toe do va vecto gia toe tai then diem ban dau t = 0: 
Y 0 Y 0 , Y 0 la da biet va ta can phai tim nghiem cua phuong trinh vi phan (2-186) trong 
khoang thoi gian tir khong den T. Ta chia khoang then gian ra n doan bang nhau va bang 
nhau va bang At: 



n 


Cac gia tri can tim 6 thoi diOm sau phai su dung cac gia trj da bid) 6 thoi diem tru6c. 
Qua trinh tinh cua cac phuemg phap tich phan true tiep se cho cac nghiem gan dung tai 
cac then dielm refi rac cua khoang then gian chia 0, At, 2At,..., T. Ducfi day se trinh bay 
mot so phuemg phap tich phan true tiep. 

O phan nay, cac dai luong in net dam dCu biCu thi ma tran hoac vec to. 


1. Phuong phap sai phan hum han 

Tir viec khao sat (2-186) nhu viec khao sat cac he phuemg trinh vi phan thong thuemg 
co he so hang so, ta co the’ bieu thi gan dung cac gia toe va toe do bang cac bie’u thuc sai 
phan huu han cua cac chuyen vi, nghla la, ta dung sai phan cua ham so thay cho cac vi 
phan cua ham so. Co nhieu phuong phap sai phan khac nhau de bieu thi gan dung gia toe 
va toe do, phuemg phap sai phan dung tarn la mot trong cac phuemg phap co hieu qua de 
giai cac bai toan cu the. O phuemg phap nay ham chuyen vi duoc bieu thi bang mot da 
there noi suy la da thuc parabol bac hai. Khi do ta co bieu thuc gan dung cua gia toe va 
toe do tai thoi diem t nhu sau: 



(2-187) 

(2-188) 


Chuyen v| tai then diem (t + At) duoc tinh tir quan he (2-186) tai thdi diem t (tir didu 
kien can bang luc tai thoi diem t): 
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(2-189) 


MY t + CY t + KY t = P, 

The (2-187) va (2-188) vao (2-189) ta dugc phucmg trlnh: 

K’Y t+At =P; (2-190) 

Trong do: 

K*=~M + — C (2-191) 

At 2 2 At 

P '= P '-( K -^ M ) Y '-(^ M -^ C ) Y - (2492) 

Tir (2-190) ta thay rang: Chuyen vi tai thdi diem (t + At) Y, + a, dirge tfnh qua cac 
chuyen vi tai cac thdi diem t va (t - At): Y t va Y t _A t . Vay de tfnh chuyen vi tai thdi di£m 
At: Y a , phai biet dugc cac chuyen vi tai cac thdi diem t = 0 va t = - At: Y„ va Y. At . 

Chuyen vi Y 0 la dieu kien ban dau da biet, con Y. A ,dugc xac dinh nhu sau. 6 phucmg 
trinh (2-187) va (2-188) ta thay t = 0, se dugc: 

At 2 Y 0 =:Y_ At -2Y o+ Y At 

2AtY = -Y„ At + Y At 

TCr hai phuefng trinh nay ta se co: 

Y_ s ,«Y a -AtY 0 +^lY<, (2-193) 

Trong do: Y 0 la dieu kien ban dau da biet, con gia t6c Y jo) dugc xac dinh tur phucmg 
trinh vi phan dao dong ung vdi thefi diem ban dciu (2-189): 

Y 0 = M" 1 (P 0 - CY 0 - KY 0 ) (2-194) 

Qua trinh tfnh theo cac bude thdi gian dugc tien hanh theo cac cong thiic: (2-192) va 
(2-190). 

Van de chgn bude thdi gian doi vdi cac phucmg phap tfch phan true tiep la van de rat 
quan trgng, no lien quan den do chfnh xac ciia ket qua tfnh toan va su 6n dinh cua so do 
tfch phan. Neu chon bude thdi gian cang nho thi ket qua tfnh cang chfnh xac nhung khoi 
lugng tfnh cang nhieu, va ngugc lai, neu chgn bude thdi gian cang ldn thi khoi lugng 
tfnh se ft di, nhung ket qua tfnh se khong dam bao chfnh xac. Vi vay, phai chon bude 
thdi gian du nho de dat dugc do chfnh xac can thiet va chi phi tfnh toan vua phai. 

Doi vdi phucmg phap sai phan da khao sat d tren, de nhan dugc nghiem du tin cay, thi 
bude thdi gian phai chgn thoa man dieu kien sau: 

At < At h = — (2-195) 

n 

Trong do: T n la chu ki dao dong rieng nho nhat cua he (ting vdi tan so dao dong rieng 
ldn nhat). 
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Trinh tir tinh toan cua phuong phap sai phan dugc tien hanh nhu sau: 

1. Xac dinh cac ma tran do cling, ma tran tat dan va ma tran khoi lugng cua he: K, C, M; 

2. Xac dinh dieu kien ban dau Y 0 tir Y 0 va Y 0 theo (2-194); 


3. Chon bu6c thdi gian At thoa man (2-195); 

4. Xac dinh Y. At theo (2-193); 

5. Xac dinh ma tran K‘ theo (2-191); 

6. Xac dinh vec to tai trong tai thoi diem t: P* theo (2-192); 


7. Tinh chuyen vi a thcri diem (t + At) tir phuamg trinh (2-190). 

Viec xac dinh tai trong P t * va giai phurong trinh: K* Y (+At = P ( * dugc tlnh va lap lai 6 
m6i budc. 

Khi can thiet xac dinh cac gia tri gia toe va toe do chuyen dong, ta sir dung cac bie’u 
thiic (2-187) va (2-188). 


Thi du 2.19 


Cho he hai bac tu do co phuong trinh can bang luc: 


2 0 
0 1 



r 6 -2 

-2 4 



Gia tri cac chu ki dao dong rieng cua he: T, = 4,45; T 2 = 2,8. 

Cho dieu kien ban dau: tai t = 0, Y 0 = 0, Y = 0 . 

Hay khao sat dao dong cua he voi 12 buoc thcri gian vdi hai trudng hgp: 

At = — = 0,28 va At = 10T 2 = 28 
10 2 

T, 


a) Tinh voi trudng hop At = 0,28 < At gh = — = 0,89, 


_ *2 ^ 

71 

- Xac dinh Y 0 theo (2-194) vdi Y 0 - 0, Y 0 = 0, ta co: 


Y„ = M-'P.=i 


- Xac dinh Y. At theo (2-193): 


Y_ At = 


f®l 

10 i 


-0,28 


1 0] 
0 2 

f0 l 

10 


J °i 

[ioj 

0,28 2 


r oi 

l 10 J 


f o 

110 


U • l 

j |0,392J 


Xac dinh ma tran K* theo (2-191): 


K =■ 


0,28- 


2 O' 

2 

t 

0 

O’ 


'25,51 

0 

0 1 

2.0,28 

0 

0 


0 

L 

12,755_ 
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- Xac dinh vec to P* theo (2-192): 


f 0] 

'45 2 


25,51 

0 

i r + 

110j 

2 21,5 

Y t - 

0 

12,755 


Y t 


At 


Chuyen vi tai thdi diem (t + At) tim duoc bang viec giai phuong trinh (2-190) doi vdri 
m6i bude thdi gian: 

'25,51 0 

0 12,755 



Qua trinh tinh doi vdi 12 bude thdi gian ta co ket qua ghi d bang 2-2: 


Bang 2-2 


Thdi 

gian 

At 

2At 

3 At 

4At 

5 At 

6 At 

7At 

8 At 

9At 

lOAt 

1 lAt 

12 At 

1Y.I 

0 

0,0307 

0,168 

0,487 

1,02 

1,7 

2,40 

2,91 

3.07 

2,77 

2,04 

1,02 

0,392 

1,45 

2,83 

4,14 

5,02 

5,26 

4,90 

4,17 

3,37 

2,78 

2,54 

2,60 


Cac ket qua nhan duqc co the so sanh vdi cac gia tri chinh xac da nhan duoc d thf 
du (2-12). 


b) Tinh vdi tntdng hap At = 10 T 2 = 28 > At gh = 0,89 
Ta lap lai qua trinh tinh tuong tu nhu tren se nhan duoc ket qua: 



J 3,03.10 6 ] 

|-1,21.10 7 J 


Cac chuyen vi tinh duoc d cac bude thdi gian sau cung tiep tuc tang. Su tang cac gia 
tri nay la do hau qua ciia sir khong on dinh ciia so dd tfch phan sir dung do buoc thdi 
gian khong thoa man dieu kien (2-195). 


2. Phuong phap gia toe tuyen tinh 

Phuong phap gia toe tuyen tinh xem rang: 
Su thay doi cua gia toe chuyen dong trong 
mdi bude thdi gian tir t den (t + At) la tuyen 
tinh. Vinson da phat trien phuong phap nay 
va gia thiet rang: Su thay doi tuyen tinh cua 
gia toe td t den (t +0At), trong do 0 > 1. De 
dam bao su on dinh vo dieu kien cua so do 
tich phan thi: 0 > 1,37, thudng lay 0 = 1,4. 



Hinh 2.21 
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Ta ki hieu gia so thai gian qua bien t, trong do: 0 < x < 0At. Tur hinh ve 2.21 ta 


0At 


(2-196) 


Trong do: 0 < t < 0At. 

Tich phan hai ve dang thurc tren, ta dirge 


Y t+T =Y t+ Y t .x + -I-(Y t+eAt -Y t ) 
20At 


(2-197) 


T(ch phan tiep hai ve (2-197), ta dugc: 

Y,„ = Y, + Y,.x + | Y,t 2 + ~^(Y t+eAl - Y.) (2-198) 

Ttnh cac bieu thurc (2-197) va (2-198) tai thbi diem (t + 0At), ta co: 

Y„e 4 ,=Y 1+ ^(Y„ 641 +Y,) (2-199) 

Y )+ eAi = Y, + OAtY, + ~ (Y (+eil + 2 Y,) (2-200) 

o 

Tir cac bieu thurc (2-200) va (2-199) ta co the bieu thi Y t+0At va Y t+0At qua chuyen vi 
Y t + 9 A« nhirsau: 


(2-199) 


( 2 - 200 ) 


W = ^ F (v „ M .-Y,)-^Y t -2Y 1 

^.eA, = ^< Y .,9A, - Y,) - 2Y, - Y, 


( 2 - 201 ) 


( 2 - 202 ) 


De xac dinh cac chuyen vi, toe do, gia toe cua he tai thbi diem (t + At), ta se khao sat 
phuong trinh vi phan dao dong (2-186) tai thbi diem (t +0At). 

^ Y t+GAl + ^ Y t+0At + ^ Y t+6At = P|t oai (2-203) 

Trong do: P t+9A , la tai trong dng vbi thbi diem (t + 0At), no dirge trnh tren cor so xem 

rang: Khi gia tbc chuyen dong thay doi tuyen tinh thi tai trong cung thay doi tuyen tfnh, 
do do: 

P t+ 0A. = Pt+9(Pt + A ( -P t ) (2-204) 

The cac bieu thurc (2-201), (2-202) vao (2-203), ta nhan dugc phuong trinh de xac 
dinh Y.^oa. : 


Trong do: 


K*Y t+ 0 At =p t ; 0At 

K* = K +—^-rM+—c 
(OAt) 2 OAt 


(2-205) 

(2-206) 
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P(+OAt ~ P( + 0(P[ + A( P t ) + M 


Y t h—— Y t + 2Y, + 

t n a a . 1 1 


(0At) 2 ' l 9At 


+c 


0At 


, —Y.+2Y.+—Y t 
V0At * ‘ 2 \ 


(2-207) 


Dira gia trj Y t+0At vao (2-201) ta se duoc Y t+6A ,, sau do the Y t+0At , vao cac bieu thuc 
(2-202), (2-197), (2-198) khi x = At ta se dtrac: Y t+At , Y (+A( , Y, +At . 


Y t+A ,=ll- 


3 H-^7Y 1+ ^ t (Y„ 84 ,-Y,) 


0'At 


0 At 


Y - —v + —Y +Y 

1 t+At 2 I,+ At ’ 2 I ‘^ I t 


Y t+ A t = 


At' 


(Y t+At + 2Y,) + At Y, + Y, 


(2-208) 

(2-209) 

( 2 - 210 ) 


De nhan duoc ket qua tmh toan gan sat vdi dao dong thirc cua ket cau khao sat, ta can 
chon budc thdi gian bang 10% chu ki dao dong rieng tha'p nhat cua he, tuc la: 



Trinh tu tfnh toan cua phuong phap gia toe tuyen tfnh dtrqc tien hanh nhu sau: 

1. Xac dinh cac ma tran do cirng, ma tran tat dan va ma tran klioi luong cua he: K, C, M. 

2. Xac djnh dieu kien ban dau Y 0 tir Y 0 va Y 0 theo (2-194); 

3. Chon budc thdi gian At; 

4. Xac dinh ma tran K* theo (2-206); 

5. Xac dinh tai trong P,+ 0A , theo (2-207); 

6. Tmh cac chuydn vi tai thdi di6m (t + 0At) tir viec giai phuong trinh (2-205); 

7. Tilth cac chuyen vi, toe do va gia toe tai thdi diem (t + At) theo (2-208), (2-209), 
( 2 - 210 ). 

Viec xac dinh tai trong P,* +0At , giai phuong trinh: K' Y* +0Af = P,* +0At va tfnh 
Y t+At i Y l+At , Y t+At d cac trinh tir thu 5, 6, 7 duoc tfnh va lap lai d mdi budc thcri gian. 

Thi du 2-20 

Xet dao dong cua he da co d thi du (2-19) theo phuong phap gia toe tuyen tfnh. Lay 
0= 1,4. 

O thi du (2-19) ta da co dieu kien ban dau: 



148 




0.006 

0,0525 

0.196 

0,49 

0,952 

1,54 

2,16 

2,67 

2,92 

2,82 

2,33 

1,54 

0,366 

1.34 

2.64 

3.92 

4,48 

5,31 1 

5,18 

4,61 

3,82 

3,06 

2,52 ' 

2,29 


Cac ket qua nhan dupe c6 the so sanh voi cac gia tri chinh xac cua thf du (2-12). 


3. Phuong phap gia toe trung binh khong doi 

Phuomg phap gia t6c trung binh khong doi gia thiet rang: C) m6i bu6c thcri gian At gia 
toe chuyen dong bang hang so va dupe tinh bang gia tri trung binh a hai gia tri dau va 
cuoi cua khoang At: 


= 


l t+At 


+ Y. 


( 2 - 211 ) 


Trong do: 0 < t < At 

Tich phan hai ve dang thixe tren, ta dupe: 

Y, +x =Y t+ t- 


l t+At 


+ Y t 


( 2 - 212 ) 
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Ti'ch phan tiep hai ve cua (2-212) ta ducfc: 

Y t+T = Y, + tY, +1 2 Y,+A ^ +Yt - (2-213) 

Sir dung cac bieu thurc (2-212) va (2-213), ta tinh chuyen vj va toe do tai thdi diem 
cuoi khoang At, ung vdfi t = At. 

Y.^Y.+yOU + V,) (2-214) 

Y„ii - Y, + AtY, +^(Y„ i , + Y,) (2-215) 

Bay gid ta viet cac bi6u thurc Y t+A( va Y l+At qua Y t , Y,, Y, va Y t+At 
Tit (2-215) ta co: 

j '“4 V “4 Y '4vV t (2-216) 

At At At 

The bieu thurc (2-216) vao (2-214) ta ducfc: 

Yi+ai =~~ Y, +A1 - ~ Y'| - Y, (2-217) 

At At 

De xac dinh cac gia tri chuyfen vi cua he tai thdi diem (t + At), ta xet phuefng trinh vi 
phan chuyen dong cua he tai thdi diem (t + At): 

mV,,* +CY,,* +KY„ a , =P„ s , (2-218) 

Sau khi dua cac bi6u thurc (2-216) va (2-217) vao (2-218) ta se nhan ducfc phuemg 
trinh de xac dinh Y t+ *: 

K = Pt+At (2-219) 

Trong do: 

K‘ = K + 4m + - C (2-220) 

At 2 At 

P.'.a, = p„* + + Y, + Y, ) + c(^Y, + Y, j (2-221) 

Qua trinh cac bude tinh duoc tiein hanh theo cac cong thurc (2-221), (2-219), (2-216), 
(2-217). 6 thdi diem ban dau gia toe Y 0 duoc xac dinh theo bieu thurc (2-194). 

Viec chon bude thdi gian d phuong phap nay cung lay nhu phuefng phap gia toe tuyen 

T 

tinh At = —. 

10 

Trinh tu tinh toan cua phuefng phap gia toe trung binh khong doi duoc tien hanh nhu sau: 
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1. Xac djnh cac ma tran do cufng, ma tran tat dan va ma tran khoi lupng K, C, M; 

2- Xac djnh dieu kien ban dau Y 0 , Y 0 , Y 0 ; 

3. Chon bude thdi gian; 

4. Xac dinh ma tran K* theo (2-220); 

5. Xac dinh tai trong P,* +At theo (2-221); 

6. Ti'nh chuyen vi tai thcri diem (t + At) tuf viec giai phuong trinh (2-219); 

7. Tinh toe do va gia toe tai thoi diem (t + At) theo cac cong thirc (2-216) va (2-217). 

Trong qua trinh tinh toan vdri cac bude thcfi gian, cac trinh tur thur 5, 6, 7 dupe tinh va 
lap lai a m6i bude. 

Thidu 2.21 

Xet dao dong cua he da cho 0 thi du (2-19) theo phuong phap gia toe trung birth khong 
doi. 

C) thi du (2-19) ta da co cac dieu kien ban dau: 



T 

- Chon bude thdi gian: At = — = 0,28. 

10 

- Xac djnh ma tran K’ theo (2-220): 

. [ 6 -2] 4 [2 01 I - 108 -21 

K h- — = 

-2 4 j 0,28 2 [0 lj L-2 55 J 

C) indi bude, can tinh: 

- Tai trong P t ‘ +At theo (2-221) 

. fOl \l 01 ... 

Pt + A,=|io} + | 0 j j (51 Y t +14,3 Y, + Y,) 

- Xac dinh chuyen vi tai thdi di6m (t + At) bang viec giai phuong trinh (2-219): 

K'Y,.* " 

- Tinh gia toe va tdc dp tai thdi diPm (t + At) theo (2-216) va (2-217): 

Y t+At =51(Y, +Al -Y t )-14,3Y t -Y, 

Y t+At - Y t + 0,14(Y t + Y, +At ) 
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Hinh 2.23 

Cac do thi dugc ve tuong ung veti cac gia trj khac nhau cua bude thai gian At. Do thi 
ung voi At = 0,125 (dirdng cong net dam) trung voi do thi da mo ta 6 hinh 1.19 cua 

T 

phircfng phap chinh xac. Do thi ling voi: At = 0,25 < — = 0,314cho cac gia tri gan sat 

voi ket qua chinh xac. Cac do thi ung voi At = 0,5 At = 1 cho ket qua xa voi ket qua 

T 

chinh xac, boi vi At > — = 0,314. 
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Chiroitg 3 

DAO DONG CUA HE CO VO HAN BAC TIT DO 


gl. XAY DUNG PHl/ONG TRiNH VI PHAN DAO DONG TONG QUAT HE VO 
HAN BAC Tl/DO 


Xet thanh thang co khoi lupng phan bo bat k'l m(x), do cting thay doi EJ(x) chiu tai 
trong dong phan bo q(x,t) tren hinh 3.1: 

q(x,t) 



Hinh 3.1 


Ta gia thiet rang: khi dao dong moi dieim tren he deu dich chuydn theo phuong vuong 
goc v6i true thanh. Dao dong ngang cua he tai mot thcri di6m bat ki duoc xac dinh bang 
durdng dan hoi cua he duong dan h6i nay la ham phu thuoc vao hai bien so: toa do x va 
thoi gian t 


y = y(x,t) 

De: xay dung phuong trinh vi phan dao dong cua he ta su dung phuong phap tinh 
dong, trong do co bo sung vao he luc quan ti'nh viet theo nguyen If Dalambe. Cac luc tac 
dung vao he bao gom: 


- Luc quan tinh phan bo: 

- Luc can chuyen dong (can nhdt): 



- Luc dan hoi phan bo tuong Crng vdi chuyen vj dong y(x,l) co xu hudng dua he v& vi 
ti i can bang ban dau: 
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a 2 


qci( x '0= 2 

ox 


EJ, 


d 2 y(x,t) ] 


a x 2 


- Tai trong dong: q(x,t) 

Viet phircmg trinh can bling luc theo phuang diing: ZY = 0, ta co: 

-q q (x, t) + q c (x, t) + q d (x, t) - q(x, t) (3-1) 

Dua cac thanh phan Luc can, luc quan tinh, luc dan h6i a tren vao phucmg trinh can 
bing (3.1) se duoc: 


ax 2 


EJ(x) 


a 2 y(x,t) 

dx 2 


+ m(x) ilW) + c MH> =q(x , o (3 .2) 


ac at 

Phuang trinh (3.2) la phuctng trinh vi phan dao dong tOng quat cua thanh thing - he vo 
han bac tu do chiu tai trong dong bat ki. 

Khi khong xet tori anh huctng cua luc can, ta co: 


dx 2 


EJ(x) 


a2 y(x,o 

dx 2 


+ m(x) 


d y(x,t) 

at 2 


= q (x,t) 


(3-3) 


Khi tinh dao dong co xet den anh huong cua luc can theo gia thiet do cung phiic. ta co 
phuctng trinh vi phan dao dong tong quat nhu sau: 

a2.,/„ , 


at- 


(l + “l 

1 ^ 

[ejw^T 0 ] 

V n) 

dx 2 

ax 2 


= q (x. t) 


(3-4) 


§2. DAO DONG TU DO CUA THANH THANG 


1. Phtrong trinh dao dong tu do tong quat cua he 

Phuctng trinh vi phan dao dong tu do khi khong xet toi anh huctng cua luc can nhan 
duoc tu phuang trinh (3-3) khi khong cc ve phai: 


a 2 


dx 2 


EJ(x) 


a 2 y(x,t) 

ax 2 


+ m(x) 


a 2 y(x,t) 


= 0 


(3-5) 


Nghiem ricng cua phuong trinh vi phan (3-5) co thd bidu thi ducti dang sau: 


y(x, t) = X(x). T(t) (3-6) 

Trong do: 

X(x) - ham chi phu thuoc vao toa do x, no bieu thj dang uon ciia dam: 

T(t) - ham chi phu thuoc vao thcti gian, no bicu thi luat dao dong cua he. 
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(3-7) 


Tit (3-6) ta lay dao ham rieng cua y(x, t) theo thcti gian va theo toa do: 

a 2 y(x,t) _ d 2 X(x) 


dx 2 


dx' 


T(t) 


d 2 y(x,t) d^T 


dt 2 


dt 2 


X(x) 


(3-8) 


Dua cac bidu thuc (3-7) va (3-8) vao phuong trinh (3-5) ta duoc: 


dx 2 


CI/ , d 2 X 

EJ(x )— T • T 

dx 2 


+ m(x) 


d 2 T 

dt 2 


X = 0 


Chia ca phurcmg trinh tren cho tfch m(x).X.T, sau khi bien doi ta se viet dirge dang sau: 

d 2 T 


d 2 

d 2 X 


EJ x )-— 

dx 2 

dx 2 

m(x).X 


dt' 


(3-9) 


Tu' (3-9) ta thay: Ve phai cua phuong trinh chi phu thuoc vao thdi gian t, con ve trai 
chi phu tliuoc vao toa do x. Nhu vay, muon thoa man phirang trinh (3-9), thi ca hai ve 
cua phuong trinh nay ciing phai bang mot dai lirgng nao do. Ta kl hieu dai lirong nay la 
co 2 . Tir do, ta co the rut ra hai phuong trinh sau: 


d 2 

_ . d 2 X 


EJ(x) — - 

dx 2 

dx 2 


m(x).X 


= or 


Va 


Suy ra: 


d 2 T 

dt" 


= co 


d\ 

dx 2 

d 2 T 

dt 2 


EJ(x) 


d 2 X 


dx 2 


+ co 2 T = 0 


-«'m(x)X - 0 


(3-10) 

(3-11) 


Ta thay phuong trinh (3-11) giong nhu phuong trinh vi phan dao dong doi vori he mot 
bac tu do. nghiem cua phuong trinh nay co dang: 


T = A sin (cot + y) (3-12) 

Phuong trinh (3-10) la phuong trinh vi phan dang uon cua dam. Giai phuong trinh nay 
la xac dinh duoc dang dao dong X. Tuong tu nhu doi vdi dao dong cua he huu han b^ic 
tu do, klii xel difeu kien dam bao cho he dao dOng ta se xac dinh duoc cac tan so dao 
dong rieng cua he. 
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Trong truPng hap tong quat, phirong trinh vi phan (3-10) co cac he so thay doi theo 
toa dp. Khi dam co dp ciimg khong doi, phucng trinh (3-10) co dang don gian hon: 

EJ - co 2 in(x)X = 0 (3-13) 

dx 4 

Neu dam co do Cling khong dPi va khoi litpng phan bo ddu, ta co: 


d 4 X 

dx 4 


— CO 


m 

EJ 


X = 0 


(3-14) 


Phirong trinh (3-14) dupe giai quyet cu the o §3. 

Nhu vay, nghiem cita phuong trinh vi phan (3-5) dupe bieu thi duPi dang (3-6) chi'nh 
la nghiem cua he phuong trinh vi phan (3-10) va (3-11). Vi he co vo so Me tu do, nen ta 
cung tim dupe vo so tan so dao dong rieng. Tuong ung vpi tan so dao dong rieng Wj, ta 
co dang dao dong chinh thii i ung vpi ham bieu thi dang uon Xj va luat dao dong T): 

Y l (x,t) = X i T i =X j A i sin (rV + Yj) (3-15) 

Nghiem tong quat cua phuong trinh vi phan (3-5) se la: 


Y(x,t) = Y. Y,(x,t)=£ XJj^X XjAjsin (©it + Yi) (3-16) 

i=l i=l i=l 

Phuong trinh (3-16) la phuong trinh dao dong tong quat cua he vo so bac tu do. 

Trong truPng hop ke den anh huong cua luc can, phuong trinh vi phan dao dong tu do 
co dang: 


dx 2 


EJ(x) 


a 2 y(x,t) 

ax 2 


+ m(x) 


a 2 y(x,t) 

at 2 


+ c 


ay(x,t) 

at 


(3-17) 


0 day xet truPng hop luc can nho, Png vpi e < 1. 

Ta cung bieu thi nghiem duPi dang (3-6) va tien hanh lam tuong tu nhu tren, ta se 
nlian dupe phuong trinh dao dong tong quat cua he nhu sau: 


Y(x,t) = ^Y i (x,t) = ^e- &,if -- , X j AjSin(o u t + Yi) (3-18) 

i-1 i--\ 

Trong do: w, c = co, pi-c, 


2. Tinh chat true giao cua cac dang dao dong rieng 

Tuong tu nhu doi voi dao dong cua he huu han bStc tu do, cac dang dao dong rieng cua 
he vo so bac tu do cung co tinh chat true giao. Bi6u thde cua tinh chSt true giao giiJa cac 
dang dao dong rieng dupe tim tren co so ap dung nguyen H cong tuong h6 Betti doi voi 
cac dang dao dong rieng. 
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Xet hai dang dao dong rieng irng vdi hai tan so dao dong rieng coj va ©j. Khi dao ddng 
tu do, ta xem he chiu tac dung ciia cac lire quan tinh xem nhir ngoai lire (hinh 3.2). 

Vdi dang chlnh thtr i, ta co chuy£n vi cua he: 

Y,(x, t) = X,T, = Xj A, sin (cOjt + y,) 

Va luc quan tinh phan bo: 

q jq (x,t)=©~ m(x)X j A i sin (©jt+Yj) 

Vdi dang chinh thii J, ta co chuyen vi cua he: 

Yj (x , t ) = Xj Aj-sin (Ojjt + Yj) 

Va lire quan tinh phan bo: 

q jq (x,t) = ©J m (x) XjA } sin (©jt+Yj) 




Hinh 3.2 


Ap dung nguyen li Betti vao hai trang thai bien dang ling vo’i hai dang dao dong do, ta co: 
£ qi. q (xA)-yj(x,t)dx = £ q j , t| (x,t).y i (x,t)dx 


| ( | ©f m x X, Aj sin(Mjt + Yj). XjAj sin (© j t + y J )dx = 

= £ ©j m x Xj Aj sin(©jt + Yj) - XjA ; sin (w^ + y^dx 
Sau khi don gian hai ve cho A, Aj. sin (©,t + Yj )sin((oi J t + y j) va chuyen ve, ta dirqc: 

(wf-wj) £ m(x)Xj X, dx = 0 
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Vi cac tan so dao dong rieng co gia tri khac nhau co s ^ cOj nen ta co the viet bieu thutc tren: 

j|m(x)X i Xjdx = 0 (3-19) 

Do chinh la bieu thitc tinh chat true giao giua cac dang dao dong rieng. 

Dang dao dong rieng thoa man didu kien sau day duoc goi la dang chuan: 

m(x)Xf dx = 1 (3-20) 

Bieu thufc (3-19) bieu thi tinh chat true giao cua cac dang dao dong rieng qua khoi 
luong cua he. Tinh chat trite giao giua cac dang dao dong rieng con duoc bieu thi qua do 
ciing cua he nhu sau: 

j'[EJ(x)X’ ] Xjdx^O (3-21) 

3. Xac dinh va Yj cua phuong trinh dao dong (3-16) 

Ta viet lai phuong trinh (3-16): 

X 

y(x,t)= X Xj A| sin (Wit + y,) (3-22) 

i=l 

Trong do: A; va y; duoc xac dinh tu dieu kien ban d&u: Tai thdi diem ban ddu t = 0, ta 
co do vdng va toe do ban dftu cua he la: y 0 (x) va v 0 (x). Trudc het ta tinh dao ham theo 
thdi gian phuong trinh (3-22). 

y(x,t)=Z x i A, co i cos((Ojt + yj) (3-23) 

i=i 

Chu y: cac ki hieu dao ham theo thdi gian. ta de’ dau chain, va ki hieu dao ham theo 
toa do ta dd dau pheiy. 

Thay cac dieu kien ban dau vao cac phuong trinh (3-22) va (3-23), ta co: 

X 

y„(x)= X' A, Xj sin y, (a) 

i = l 


V.,(x)= X AjX.WiCosYi (b) 

i=i 

De xac dinh A| va Yj ta se sit dung bieu thuc tinh chat true giao giua cac dang dao 
dong rieng. Muon vay, ta nhan hai ve cua phuong trinh (a) vdi in(x) X, dx roi lay tich 
phan tit 0 den I: 


f, m(x)y„(x) X, dx - [' m(x)Xi £ A, X, siny, 


i = l 


dx 


Khai trien tong phia trong ben ve phai cua phuong trinh tren, ta co: 
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J* m(x)y () (x)X; dx = m(x)X i (A, X, siny, + A 2 X 2 siny 2 +...+ 


+ Aj Xj sin y, + ... + A n X n sin y n ) dx 
Sir dung tlnh chat true giao (3-19), ta nhan duoc: 


£ m(x)y 0 (x) Xj dx = m(x)AjX? siny, dx 


A, sin y, = 


f, m(x)y 0 (x) X, dx 
f>(x)Xfdx 


(3-24) 


Tuefng tu ta nhan hai ve cua phuong trinh (b) vefi m(x)X 1 dx va cung lap Lai qua trlnh 
nhu tren, ta se nhan duoc: 


A,cos y, = 


1 {' m(x)v 0 (x) X,dx 


[' m Xf dx 

Jo x I 


Tu hai bieiu thuc (3-24) va (3-25), ta suy ra: 


f () m(x)y 0 (x) X, dx 
y, = arctg co, — - 

J 0 m x v „( x ) X i dx 


_ Vl + ig 2 yj Jo m(x)v 0 (x)X ,dx 
03 1 f y m K Xf dx 

Jo X l 

Hoac: 

1 Jo m(x)y n (x)X i dx 

A i =-;- 

sm Yi fm x Xfdx 

Jo x 1 

Neu dua bieu thde (3-24), (3-25) vao (a) va (b) ta se nhan duoc: 

, x v j'm(x)y H (x)X i dx 

yi.o( x ) = X i —-;—— 

[ m Xf dx 

J 0 X l 


v i.o(x) = X, 


J,j m(x)v 0 (x) X, dx 


f / m Xf dx 

Jo * 1 


(3-25) 


(3-26) 


(3-27) 


(3-27') 


(3-28) 


(3-29) 


Cac bieu lliuc (3-28) va (3-29) clunh la cac thanh phan khai triSn cua chuyen vi ban 
dau va toe do ban dau vao cac dang dao dong rieng. 
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§3. DAO DONG Tl) DO CUA THANH THANG CO KHOI Ll/ONG PHAN BO DEU 
VA TIET DIEN KHONG DOI 

Trong trudng hop nay: m(x) = const, EJ(x) = const, phirong trinh vi phan dao dong lir 
do (3-3) sc la: 


<? 4 y(x,t) + m 0 2 y(x.t)_^ 

ax 4 + EJ at 2 

Phuong trinh vi phan bifeu thi dang uon co dang (3-14) dupe vie! gon of dang sau: 


(3-30) 


-K .X = 0 


Trong do: 


jrA _ 

K =- 


Nghiem ciia phuong trinh vi phan (3-31) co dang: 

X = A ch kx + B sh kx + C sin kx + D cos kx 
De lien cho vice tfnh toan sau nay, ta dat: 


(3-32) 


(3-33) 


A — — (C| + C 3 ); B-—(C 2 + C 4 ) 


C = -(C,-C 3 ): D = — (C 2 - C 4 ) 

Luc nay, ta co lhe' bieu thi nghiem nhu sau: 

X = C| A kx + C 2 B kx + C 3 C kx + C 4 D kx 


(3-34) 


trong do: 


A kx = y(ch kx + coskx) 
B kx = —(sh kx + sinkx) 


C k =—(ch kx-coskx) 


(3-35) 


D kx = — (sh kx-sinkx) 

Cac ham tren dupe goi la ham Crulov va chung tuan 
theo quv luat dao ham sau: (xem hinh 3.3) 

A'k x = KD kx 
. »'kx = KC kx 
< C' kx = KB kx 
B' k ,=KA kx 



Hinh 3.3 
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Va: A (o) = 1 


B,o, _ C (0 , - D jo) — 0 

Tir (3-34). ta co cac dao ham: 

K =C,KD kx + C 2 KA kx + C,KB ks +C 4 KC kx 

X” =C,K 2 C kx +C 2 K 2 D kx + C 3 K 2 A kx +C 4 K : B kx \ (3-36) 

X'>C,K : 'B kx +C : K'C kx +C-.K 2 D kx +C 4 K ( A kx 

Cue hang so Cj, C 2 . C v C 4 dir or xac djnh tir dieu kien bien, gia sir lai x = 0, ta co: 

V — V V' _ a v» _ M 0 w fff _ Qo 
A <x-(l) - A n , A (x _ {)} - U 0 A (x=()) - ~ « A {x .. 0) — 

hJ hJ 

Thay cac dieu kien bien tren vao cac phuang trinh (3-34), (3-36) ta sc nhan duac: 


c, = X„ 




C, = —0 o 
- K 1 


K"EJ 


r Qq 
4 k 3 ej 


Dira lai cac hiing so nay vao (3-34) va (3-36). ta co phuang trinh chuyen vi va noi luc 
cua he nhu sau: 


r _ Qq n 

'“kx u k\ 


X(x)= X A k + —B k .—^ 

K K 2 EJ K J EJ 

X’ (x) = X (l KD kx +0 n 


KEJ 


kx 


KEJ 


C 


kx 


Qo 


M(x) = -EJX 0 K-C ks -EJ0 o KD kx + M„A kx + ^B kx 


(3-37) 


Q(x) = -EJ X ( ,K 3 B kx - EJ 0 ,K 2 C kx + M„K D u + Q„A kx 

Hai plurang trinh dau cua (3-37) la hai phuang trinh bien dang, con hai phuang trinh 
sau la hai phuang trinh noi luc. Tu cac didu kien bien cu the cua bai loan, la se xet dieu 
kien dam bao he dao dong de nhan duac cac thong so K va tu do se xac dinh duac cac 
tan so dao dong rieng cua he. 

Thi (hi 3.1: 

Xac djnh cac tan so dao dong rieng va phuang trinh dao dong tong quit cua he cho d 
hinh 3.4, he co khoi luong phati bo dcu va tiet dicn khong ddi. 

/. Xac dinh ede tan so dao dong rieng: cac dieu kien bien cua dam don gian 

- Tai dau dam: x = 0 

Jx,.., = 0 
|m„„ = o 
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- Tai cuoi dam: x = 1 


|x,„=0 

( H />=0 


EJ = const 
m = const 




Hinh 3.4 


Thay dieu kien bicn nay vao phucmg trinh thu nhat va thu ba cua (3-37), ta dupe: 


X _ 0 o R 
A (/) - — ttw 


K 


k 1 


Qo 

K'EJ 


D k / = 0 
Qo 


M ll) =-0 o EJKD k/ + ^B k/ =0 


(a) 


Dicu kien de cho he ion tai dao dong la 0 o va Q 0 phai khac khong. Do do, djnh thufc 
cac he so tucrng ting cua he hai phirong trinh (a) phai bang khong: 


D = 


K Bk/ 
-EJK D k/ 


1 


Dy 

k 3 ej 


K 


B 


k / 


= 0 


(b) 


Sau khi kliai trieii djnh lhue (b) va thay cac ham B kx , D kx theo (3-35). ta sc nhan duoc 
phuong trinh tan so sau: 

Shk/. sin k/ = 0 (c) 

Ta biet rang: K luon khac khong, nen k/ cung luon khac khong va do do Shk/ * 0 vay: 

sin k/ = 0 
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Suy ra: k/ = in, vpi i = 1,2, 3... =c. (i nguyen va duong) 


Hav: 


K, 


in 

/ 


Thav (d) vao (3-32) ta se co cac gia trj tan so dao dong rieng: oi; = 



i =1 : 

i = 2 : 

i = 3 : 





2. Xet dinh dang dao dong rieng 

Phuong trinh dang dao dong cua dam dupe viet tlieo phuong trinh dau cua (3-37) co 
tinh den dieu kien bien dau trai. 


X; = —B t .. v - - v = ^- 

K ; 


" O* KfEJ M 


Q,> 

R K > EJ n 

0 D M 

K; 


(e) 


Tit phuong trinh dau cua (a), ta co: 


_Q_o_. Go. 

KfEJ ’ Kj 


_B ki 


D 


k/ 


Ta thav B k/ va D k/ tlieo (3-35) va tinh deii difeu kien Sin k/ = 0, thi sc nhan dupe: 


Qo 

KjEJ 

0o 

K, 

The gia tri nay vao hieu thuc (e), va thav ticp cac ham B k . x . D k]X tlieo (3-35), ta se 
viet lai (e) nhu sau: 


v 0 () e o . inx 

X, = — sinK, v =— sin-- 


K: 


K: 


(g) 


Uiig voi cac gia tri i khac nhau, ta co cac dang dao dong rieng tuong ung. Tren liinh 3.4 
mo til mot so dang dao dong rieng ung voi cac tan so dao dong rieng co,. oi 2 , ciia lie. 

The ham dang X, theo (g) vao (3.16) ta dupe phuong trinh dao dong lu do cua he: 
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Trong do: A; va Yj durgc xac dinh tir dieu kien ban d&u: 

Tai t = 0, co: 

y(x, t = 0) = y o (x) 
y (x, t = 0) = v 0 (x) 

Tir (3-26) ta co: 

J' m,y„(x)X,dx £ y.Win^d* 

Yi = arctgiOj — -—-= arctgo);-:- (i) 

J 0 m x v 0 (x)X i dx v 0 (x)sin -y ( dx 

A, duoc xac dinh theo (3-27): 


A,= 


, rl ■ i^ X j 

t {' m x y 0 (x)X i dx _ t J 0 y 0 (x)sin- / dx 

si "Ti f' m.Xfdx s in 2iHX dx 

K, Jo / 

2 j' 0 y 0 (x)sin ~dx 
/sin T , | 


(k) 


Dira (k) vao (h) ta nhan dugc phuong trinh dao dong tir do cua dam don gian khoi 
luong phan bo deu, tiet dien khong doi: 


y(x,t) = S —-— [Jy 0 (x)sin~dx.sin((o j t + Yi) (m) 

1=1 l sin Yj / 

Thi du 3.2: 

Xac dinh tan so va dang dao dong tieng 
cua dam mot dau ngitm mot ditu khdp. Dam 
co khoi luong phan bo deu va tiet dien 
khong doi. (hlnh 3.5). 

Ta co dibu kien bicn 6 hai diiu dam 
nhu sau: 

Tai: x = 0 X (t)) = 0 

X’ (0 ) = o 

Tai: x = 1 X (1) = 0 

M (/J = 0 


EJ X = const 



Ilinh 3.5 


165 




Thay cac bieu thuc (3-34) va (3-36) vao cac he thiic tren ta nhan dugc: C, = 0; C 2 = 0 
vao he hai phuong trinh sau: 


C 3 C k/ + C 4 D k/ - 0 


Q?A k/ + C 4 B k/ - Oj 

Dieu kien de he dao dong la djnh thuc cua he phuong trinh (a) phai bang khong: 

! c » D d „ 


|Ak/ / 


Dua bidu thiic (3-35) vao (b). ta nhan dirge phircfng trinh sieu viet sau day de xac djnh 


tan so: 


tg k/ = th kl 


Nghiein cua phuong trinh nay la: 

(k/), = 3,927; (k/) 2 = 7,069 

/in 4i + / 15,42 lEJ 49,93 fij ... 

4 /■ t m /‘ 1m 

Cac dang dao dong rieng cua dam dirge xac djnh theo phuong trinh sau: 

X/x) = A, [(sin K,/ + sh K, /) (ch K, x - cos K, x) - 

- (ch K t / + cos K, /) (sh K, x - sin K, x)] (e) 

Tren liinh 3.5 mo ta mot so dang dao dong rieng cua dam. Gia tri cac tan so va dang 
dao dong rieng nhan dugc a thi du (2-9) phu hgp voi ket qua 6 day. 


§4. DAO DONG CUA HE VO HAN BAG TU DO CHIU TAC DUNG XUNCi 

Nhu da biet, duo'i tac dung cua xung tire thoi, he se dao dong tu do. Phuong trinh dao 
dong tu do tcing quat ciia he \ 6 so bac tu do dugc xac dinh theo (3-15): 


y(x,t) = X y j (x,t) = SX, A, sin(co,t +y ) 


(3-38) 


Trong do A, va y, dugc xac dinh tir dieu kien ban dau theo (3-26) va (3-27), van de 6 
day la A, va y, duc?e tinh cu the: nhu the nao? 

Ta biet rang, tai thoi diem ban ditu dudi tac dung cua xung luc phan bo tren he S(x) 
khoi lugng phan bo cua he se nhan dugc van toe ban dau: 

, , S(x) 

y » w= —r t 

m(x) 

Va neu ta xem rang: Tai thoi diem ban dau chuyen vi cua he bitng khong, thi didu 
kien ban dau cua he co the viet nhu sau: 
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Tai l - 0 


v(x.t = 0) = y o (x) = 0 


y(x,t =0) = v w (x) = 


S(x) 

m(x) 


(3-39) 


Dira cac dieu kien ban dau nay vao (3-26) va (3-27) ta xac dinh dupe: 

Yi = 0 

f, S(x)X,dx 


A: = 


0) i £ m(x)X?dx 


(3-40) 


Dua gia tri y, va A, nay vao phuong trinh (3-38), ta nhan dupe phirong trinh dao dong 
cua lie vo so bac tu do chiu tac dung xung: 

r) 


- X, J (l S(x)Xjdx 
y(X,t) = X — 1 —--- SllKO.t 


(3-41) 


=i co i J () m(x)X? dx 

Db thay dupe su tuong tu vori phirong trinh dao dong chiu tac dung xung cua he mot 
bac tu do. lie huu han bac tu do. ta nhan tren tu so va m&u so cua bidu thuc (3-41) vbi m x 
roi dat: 

ri 


Sj(x) = m x Xj 


S(x)X j dx 


1 rl 


j m(x)Xf dx 


Ta vict iai phuong trinh (3-41) nhu sau: 


£ S: (x) . 

y(x,t) = X, — -sin co,t 


(3-42) 


(3-43) 


i=i m x cOj 

Thanh phan S,(x) duoc goi la xung khai trien tlieo dang chinh thiir i. Phuong trinh 
(3-43) con viet 6 dang sau: 


y( X .,) = V 


Trong do: 


K ai (0 = 


U m x 


Sill CO: t 


co, 


Ngubi ta cung chung minh duoc rang: 

jC 

S(x) = I S,(x) 


(3-44) 


(3-45) 


(3-46) 


i-l 


Neu xung tac dung khong phdi tho'i clidin t - 0, ma tai tlioi diem t = x, thi phuong trinh 
dao dong tcing cjuat cua he se la: 


— S: (X) . 

y(x,t) = X — -sin oij(t-x) 

i=i nV'h 


(3-47) 
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Luc dan hoi cua he khi chiu lac dung cua xung tire thoi dupe tinh qua luc quan tinh: 


. , ~ d v.(x,t) 22. 

q,|(x-l) = £ ~ m x ' ' , ' =Z S,(x).(o i .smeOjt 

i=J Ot~ i=i 


Thi du 3.3: 


Xac dinh do vong va mo men uon Ion nhat 
trong dam don gian chiu lac dung cua xung tire 
thoi phan bo ddu theo true dam. Dam co khoi 
luqng phan bo deu va tiet dien khong doi. 

O thi du (3.1) ta da co bieu ihuc xac dinh cac 
gia trj tan so cua dam: 


Hinh 3.6 


(Oj - 1 




It" El .2 

7 V™ 

71" /eJ 
m 


Vii dang dao dong rieng cua he: 


v , x 'KX 

X:(x) = sin — 
1 I 


Ta tinh thanh phan xung khai trien theo cong thdc (3-42): 

s<x>x,dx 


Sj(x) = m x X 


X ’ £ m(x)X 2 dx 

I! s - sin 


= m sm 


(mx 


-L 


17tX 

7 


dx 


Ta tinh tir so cua bieu thde (a) 


fl - 2 i 

( mx x 

m.sin 

— 

Jo 1 

1 / J 


dx 


(•/ c ■ (inx ) Si 2S/ 

J S.sin - dx = —(1 -costi)= - 

/ ! i7t i n 


(3-48) 


L .- 

tit: 

;, ,td 


t_ 

/ 

-v 


(a) 


Mau so cua (a): 

/ S.sin 2 

Jo 

Do do bidu thufc (a) se la: 

S: (x) = m.sin 


I J 


dx 


( i 1 f 

= rn - 
Jo 2 ^ 


I T l7rX 

1 - cos 2 =- 


veri i = l. 3, 5, 1 ... 


ml 


dx = —- 
2 


mx 4S/ 4S . (inx 


/ iron/ m 


sin 


l 


i = 1, 3, 5... 


(b) 
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Phuong trinh dao dong cua he dirge tinh theo (3-43): 


4S.sin 


y(x,t)= I 


17TX 

T 


i—1,3 . 


iV EJ 


m.m- —t- 

l 2 m 


Hay: 


y(x,t) = 


4Sr 


7i 3 Vej 


X 1 
Z 


m i=i.3 i 


17TX 

/ 


sin (i 2 ®,!) 


sin (i 3 co,t) 


(c) 


Gia trj Ion nhat cua chuyein vj y max theo thdi gian xay ra khi sin(i 2 co l t) = sin 
Ung vdi thdi diem: 


• 2 " 


= 1 


1 = 1,3,5... 


g = h 

2t0| 4 


Trong do: T, la chu ki dao dong rieng cua dang dao dong chinh thur nhat: 


y(x) = 


4S/ 2 


I 


I tV s * n 


7t 3 VEJm i=i.3.5 i 3 


^inx^ 


(d) 


Gia trj Ion nhat cua chuye’n vj y max theo toa do dat dugc tai vj trf x = ^ 


y max 


4S / 2 

£ 1 . 

Z — sin 

=1,3,— l‘ \ Z J 


1 

a 

ml 
«—( 

3 


4S / 2 

f. 1 1 1 

/ 3 3 + 5 3 7 3 + 

\ 

7t 3 vEIm 

J 

4S / 2 

K 3 _ s r- 


n 3 VEJm 

32 8 x/EJm 



(e) 


De xac dinh noi luc in 6 men Lion trong dim ta sir dung bieu thurc lien he vi phan giura 
noi luc va chuv 6 n vi: 


M =-EJ 


d 2 y 

dx 2 


(0 


Dua (d) vao (f). ta dugc: 

M(x) =-EJ 


4S / 2 


I i 


1 i~7i~ . 


n 3 \/EJm i—j,3,— i 3 / 2 

4S /eJ “ 1 . ilex') 

: — J — Z t sin — 

7i V m i \ 1 ) 


-sin 


17TX 


/ J 


( 8 ) 
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Ta thav: 


dM(x) 1 . 

= 0 tai x = —, do do: 


dx 


Z - sin 

it Im j=i.3„. i V 2 


4S /EJ (, 1 1 1 ^ 

— ,— 1 — +-+ ... 

n Vm 1 357 


_ 4S EJ it _ EJ 

^max J . 

n V m 4 V m 


§5. DAO DONG ClTONG BtTC CUA HE V6 HAN BAC TIT DO CHIU TAI TRONG 
DONG B AT KI 

Phuong irinh vi phan dao dong cua he vo so bac tir do chiu tai trong bat ki khong xet 
tdi anil huong ciia lu'c can nhir da biet (3-3): 


dx 2 


EJ V 


5 2 y(x.t)' 


at 2 


a y(x,t) . . 

+ m x -= q(x,t) 

at 


(3-49) 


Ta bieu thi nghiem tong quat cua (3-49) ducti dang tong ciia cac nghiem rieng (3-6) 

y(x,t) = Z Xj(x). Tj(t) (3-50) 

1=1 

Dua (3-50) vao (3-49) ta co: 

z [EJ x X"(x),.T I (t)]" + f; m x X,(x)T,(t) = q(x,t) 

i=l i=l 

Nlian hai ve cua phuong trinh (3-51) vdi X,(x) dx roi lay t(ch phan, ta durgc: 

(' Z[EJ x X''(x).T,(t)]"X 1 (x)dx + 


(3-51) 


i — 1 


t Z [ m x X j (x)T i (t)J Xj(x)dx= j|x i (x)q(x,t)dx (3-52) 

i-i 

Ta khai Iridn Icing phi'a trai cua phuong trinh (3-52) va sir dung cac bieu thuc cua tmh 
chat true giao (3-19) va (3-21) la nhan duoc: 


£ [EJ x X''(x).T j (t)]' X,(x)dx + 




X' m x Xj T,(t)X,(x)dx = Xj(x)q(x,l)dx 


(3-53) 


Dua mot nghiem rieng ung voi dang chmh thuf i 
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y t (x,t) = X i A j sin(co i t + y i ) 

vao phuong tiinh vi phan dao dong (3-5), sau khi tlnh dao ham va chuyen ve, ta nhan dupe: 
cof m x X i (x)A i sin(<o i t + Yj) = [EJ x X"(x) A s sin(o);t + y s )] 

Don gian hai ve cua phuong trlnh tren cho A; sin(cojt + Yi) - ta co; 

cofm x X i (x) = [EJ x X"(x)] 

Nhan hai ve cua phuong trlnh nay vpi Xi dx roi lay tlch phan: 

(o^m x X“(x)dx= ll [EJ x X’(x)] Xj(x)dx 

Suy ra: 

, Jo[ EJ xX-(x)]X j(x )dx 

-7T-;- ( 3 - 34 ) 

J„ m x X‘(x)dx 

Bay gio’ ta vict lai phuong tiinh (3-53) d dang sau: 

T ( (t)J ( ; m x Xf(dx)dx + T i (t)0EJ x X''(x)] Xj(x)dx = j'X;(x)q(x,t)dx 


Chia hai ve cua phuong tiinh tren cho tich phan J 1 m x X^(x)dx va su dung bieu thuc 
(3-54), ta se nhan dupe: 

j' ) X j (x)q(x,t)dx 


T,(t) + <T i (t) = 


m x X?(x)dx 


(3-55) 


Day la phuong tiinh co dang giong nhu phuong tiinh vi phan dao dong cua he mot bac 
tu do. Nghiem cua phuong trlnh nay. 


1 f . j'Xi(x)q(x,T)dx 

T,(t) = — l -j ---sino)j(t -x)dx 

w, J m x X|‘(x)dx 


(3-56) 


The (3-56) vao (3-50) ta nhan dupe nghiem tong quat cua dao dong cuong buc he vo 
so bac tu do chiu lai lrpng bat ki: 

* X (\) r , f. / ,X i (x)q(x,T)dx 

Y(x,t)=I -±1 SI ± ---sinC 0 j(t-t)dt (3-57) 

i-i (!) i J () m x X'(.\)dx 

De thay dupe sut uo'ng tu vo’i phuong trlnh dao dong cua he mot bac tu do, he huu han 
bac tu do, ta nhan tren tu so va dudi miiu so cua phuong trlnh (3-57) voi m x va dat: 
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(3-58) 


[ X j (x)q(x,t)dx 

q i (x,t) = m x X j (x)~--- 

£ m x Xf(x)dx 

q ( (x,t) goi la tai trong khai tri6n theo dang chinh thur i cua tai trong dong phan bo ben 
ngoai tac dung vao he; (3-58) co dang giong voi (2-130), ta co the tim dugc tai trong 
khai trien q ; (x, t) theo (3-58) nhu sau: 

Dat: q(x,t) = q,(x,t) + q 2 (x.t) + ... + q,(x, t) + ... = Xq ( (x,t) (a) 

i=i 

Xem r^ng: q ( (x,t) = m(x).X,(x).aj(t) (b) 

Dua (b) vao (a): 


q(x,t) = m(x)X|(x).a 1 (t) + m(x)X 2 (x).a 2 (t) + ... + m(x)X j (x).a i (t)-K..= m(x)XX i (x)a i (t) (c) 

i=l 

Nhan 2 ve cua phuong trinh (c) von X ( (x) sau do lay lich phan se duqc: 

l X J (x)q(x,l)dx = jfX J (x)m(x)XX i (x).a j (t)dx (d) 

i=l 

Khai trien tiing ben ve phai cua phuong trinh (d) va ap dung bi6u thiic tinh chat trite 
giao cac dang dao dong rieng (3-19), ta co: 

j[X J (x)q(x,t)dx = jf ( X J (x)m(x)X J (x)a j (t)dx 

Suy ra: 


f X:(x)q(x,t)dx f X,(x)q(x,t)dx 

,0) = ^- - -» hay : a,(t) = ^--- 

£m(x).Xj"(x)dx [m(x)X'(x)d 


Dua (e) vao (b) ta nhan dugc bieu thirc (3-58). 
Ta xem: q(x, t) = q(x). f(t) 

Khi do, phuong trinh (3-57) se la: 



Y(x,t) = ]7 ^ — ■ — f l f(T)siniO;(t-x)dT 
l= i m x (Oj ° 

(3-59) 

Hay: 


Y(x,t)=f HiW. M t) 

i-l m x 

(3-60) 

Trong do: 


K ni( l ) = — £ f(T)sinco j (t-T)dT 

(3-61) 


Bieiu lhue lire dan hoi dugc tinh 6 dang to hgp vo han cua tfch tai trgng phan bo khai 
triein theo cac dang rieng voi lie so dong hgc lhay doi theo thoi gian tuong ung: 
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(3.62) 


q () (x,t) = X c li (x).K| (l) 

i-i 

Trong do: q,(x) durgc tmh theo (3.58) kh6ng k£ den bien thbi gian. K,(t) dugc tmh theo 
(2.140). 

Bieu thuc momen uon co the dugc tmh tu quan he vi phan sau: 


M(x,t) = -EJ(x) 


d 2 y(x,t) 


ex 


Phuong trinh dao dong (3.57) cung co thd nhan dugc tu 1 viec sir dung ket qua khi tlnh 
he vo so bac tu do chiu tac dung cua xung turc thefi (§4). Tren bi6u do tai trong, tai theti 
diem t ta lach ra mot phan to tai trpng: 


dS, = q;(x. t) dr 

Xem rang: tai thdi di6m x, he chiu tac dung cua xung dS. Ta tmh dugc chuyen vi do 
xung phan to gay ra dy (x, x) va do do se tmh dugc y(x, t). 

Khi he chiu tac dung cua cac luc tap trung Pj(t)dat tai cac tao do Xj, ta co the thay the 
cac tai trong nay bang tai trpng phan bo tuemg duang q(x,t), sao cho tai trong tuong 

duemg gay ra dao dong doi vdi he cung giong vdi cac tai trpng tap trung. Ta thay rang: 
tich phan tren hi so cua bieu thuc (3.58) giong bieu thurc xac djnh gia tri dai lugng 
nghien cuu cua duerng anh huo'ng cho boi phuong trinh X, do tai trpng phan bo q(x,t) gay 
ra. Khi cac tai trpng tap trung tac dung, bieu thuc xac dinh gia tri dai lugng nghien chu 
doi vdi phuong trinh dudng anh hudng X, do cac luc tap trung do gay ra la: 


m 

Y, Pj(t)X| (x ); m: so luc tap trung 

i = l 

Vi vay ta co the viet biCu there tai trpng phan bo tuong duong doi vdi dang dao dong 
rieng thu i nhu sau: 


lP j (t).X i (x | ) 

q i (x,t)=m x X i £ ^ - (3.63) 

Jm x Xfdx 


Tin du 3.4: 

Xac dinh do vong va momen uon Ion nhat trong dam don gian chiu tac dung cua tai 
trpng dat dot ngot sau do giu nguyen giii tri tren be, tai trong nay phan bo doc theo true 
dam vdi quv lual: 

. 71X 

q(x) = qsin — 
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Ta Imh miu so: 












Tinh ti'ch phan tren tu so: 


f / v . r / ■ 7ix . inx 
J<> * 5 jXjdx = q j o sin —sin — dx = 


■if 

2 71 Jo 


(i+l)a (i-l)a 
cos -———cos --— 


dx = 


0 khi i > 2 
< ^- khi i = 1 


Thay cac gia tri tinh duqc vao bieu thuc q |(x) , ta co: 

q / 

w 7 TtX 

q,(x) = mX, • = qXj =q.sin — 


ml 


q 2 (x) = q 3 (x) = qj(x) = 0 : i > 2 

Dieu do co ngliia la: Vori dang tai trong phan bo theo true dam vci quy luat sin triing 
voi dang dao dong rieng tlu'r nhat thi he chi dao dong theo dang chfnh thu nhat urng vbi 
tiin so dao dong rieng 

Ta tinh he so unit htrcmg dong hoc thay doi theo thdi gian (3-61) 


.. . , Ir', , .. l-cosco.t 2 . 2 

K. 1 |{t) = —f l.sind),(t -t)dt =--—— = — sin 

to, “ o>: 037 


^co,t A 

vT/ 


Phuong trinh dao dong cua he viet theo (3-60): 

V/- ^ qi( x )«^ 2q . 7ix . , 

Y(x.t) = — 1 K a |(t) = —— sin—-sin 


m 


moor 


/ 


v 2 , 


Chuven vi Ibn nhat cua he xhv ra tai vi tri x = — va tai tho'i diem T,/2 : 

2 


Y 

1 iruix ? 


5 q l A 


into: 243 EJ 


Noi luc mo men uon: 


... ,, cr 3 9 y(x.t.) 2 q 7 t 2 . jtx 

M(x.t) = -EJ— - - ■■ — sin — si 

a x 2 


2q/" . 7tx . - 

- -— • Sill-Sill" 

71" / 


2 ,2 

m oi | / 


f co j t ^ 


Sill" 


^ co, t ^ 

CT 


v 2 , 


Ciia tri lorn nhat cua mo men uon M m ... = 


2 q/ 


Tren hinh (3-7) mo ta bieu do do vong va bie’u do mo men uon doc theo true dam: 
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EJ,m 


Thi du 3.5: 

Xac dinh phuong truth dao dong cua dam 
cho tren hinh (3.8). Dam co khoi lirpng phan 
bo deu tiet dien khong d 6 i, chiu lire dong 
tuan hoan Psinrt. Xac dinh do vong lor. nhat 

2 a), 4 

Khi he chiu tac dung cua lire dong tuan 

hoan, he so K ai (t) theo (3-61) duoc tmh cu the nlur sau: 

,, , , 1 f i . , sin it 

K ai (t) = — J 0 sin r xsino), (t -t) dx = — 


P(t) = Psinrt 


Hinh 3.8 


ov 


Thay he so nay vao phuong trinh (3-60), ta co: 


to" - r 


„2 


Y( ; . t) _£ qj( x > sinrt = sinrt v- q,( x ) 


m x 


? 7 

or - r" 


m j =) co‘ - r" 

(3 thi du (3- 1 ) ta da co tan so va dang dao dong rieng: 


H 


(3-64) 


(3-65) 


CO; - P 


r- 


X, = sin 


ITtX 

/ 


Theo (3-63) ta xac dinh tai trong khai trien theo cac dang dao dong rieng trong trudng 
hop he chiu tac dung cua tai trong dong tap trung: 


q j (x) = m s X j ^ 


I P.(t >X, (,\,) 


-= m sm 

f m x X“ dx l 

Jo X 1 


n . I7ra 

P sm 

17IX / 


ml 

-> 


2 P . mx inn 
= —sin-•- 

til 

Thay gia tri nhan duoc vao (3-65) ta co phuong trinh dao dong cua he nhu sau: 

. ntx . irca 

v/ sinrt * 2 P Sin / Sin / 

Y(x.t)=-X ~r - - - 

m ,.i / 




Gia tri do vong dat Ion nhat theo thefi gian khi sinrt = L ta co: 


. 17tX . 17ia 
p sm- sin- - 

ml i=i co‘-r 


2 Pr * 
tt 4 Ej h 


. inx . ma 
sin sin — 
/ / 


/ 


♦4 

1 


2 


01 


i; 
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Khi tai trong dong dat tai vi tri gitfa dam j^a = —j till do vong cua dam dal gia tri lan 

i 

nhat theo toa do. Khi do bieu thufc tir so ben trong dau tong se la: 


sm 


I7TX 


rna 


sin 


f 

• = sin- 


i si 


i 

in 


V fO khi i = 2.4... (chan) 


2 J 




1 khi i = 1,3... (le) 


Do do: 


21V 3 r 
Y. =^~ X 


n'l-J .A. i 2 


1- 


0). 


= y * 

1 .-4 


n i=i..v.. , 4 


■> V 


1- 


0) 


i / 


p/- 

Trong do: Y , =-la do v 

48EJ 


ra. 


Tmh cac ti so 


r 

COj 


Vav: 


r r 
3 2 .0)| 


a nr 

^^ = 0.08.3 : — = 0,03 : — = 0,015 :... 
9 w 5 o> 7 


Y -Y • * 

1 max “ 1 I 4 

71 


- + 


l 4 (1 -0.75 2 ) 3 4 (1 -0.083 2 ) 


+ ... 


2,254. Y,. 


Nluf vay co nghla la: O Irurdng hop bai toan cu the ta xet he so dong cua do vong 
Ku = 2 - 2 - 54 . 
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Chuung 4 

DAO DONG DAN DEO HE M0T BAC TI/DO 


§1. KHAI NIEM 

Xel den linli deo cua vat lieu cd y nghla lliuc lien Idn, dac biel doi voi cac cong trinh 
chiu tac dung cua tai irong ngan han. Khi chiu tac dung cua tai trong ngitn hail curing do 
Ion. nhieu truring hop cho phep hien dang deo. dieu do thich hop vdi vice su dung cong 
trinh trong mot thoi gian ngan ctia tai trong dong ngiin han tac dung ma khong b| pha 
hoai. Boi vi. voi tac dung cua tai trong ngan han. khi ket cau bi bien dang qua giai doan 
dan hoi. thi uii trong dong da mat di roi. Cht'nh vl vay tinh ket cau cong trinh chiu tai 
trong ngan han I am \ iec trong giai doan deo c 6 y nghla thuc tiln Ion. 

Dac tiling car ban ctia ket cau lam viec trong giai doan deo dirge the hien d bieu do 
quan lie giira dug suail va bie'n dang (cr - e). Cac bieu do quail lie gitfa ling suat va bien 
dang cua vat lieu co nhieu dang khac nhau khi chiu tai. Voi da so cac vat lieu xity dung 
ta sir dung thich hop cac bieu do quan he (a - c) nhu sau: he dan hoi deo If tudng: 
(Hinh 4.1a); he dan hoi co sir tang ting suat qua giai doan dan hoi: (hinh 4.1b); he cting 
deo: (hinh 4.1c): he cirng deo co sir tang irng suat: hinh 4.Id; he vofi dac trung dan hoi 
phi luveii bat ki: (hinh 4. le). He co dac trung dan hoi phi luyen bat ki co the thav during 
cong phi tuye'n bai ki bang during gay klitic cho tren hinh 4.If. 
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Khi tinh ket cau chiu tai trong ngdn han, ta thuofng phai xac dinh noi lire va chuyem vi 
16n nhat trong he. Nhu da biet: Chi co cac t&n so thap la co anh hudng Ion den quy luat 
chuy&n dong ciia he. Vi vay trong nhieu trufrng hop tinh dao dong ciia he chiu tai trong 
ngan han ta chi han che lay so bac tu do khong Ion va thuctng lay tan so thap nhat, tuc la 
ta tinh he nhu he mot bac tu do. 0 he mot bac tu do, cac he so dong hoc duoc sir dung 
rat tien loi, no cho phep dua bai toan dong ve bai loan tinh bang thay the tai trong dong 
bang tai trong tinh luong duong nao do. O chuong 1, khi xet he mot bac tu do ta da biet: 
doi voi he mot bac tu do trong giai doan dan hoi chi co mot he so dong, he so nav chung 
cho ca chuyen vi va noi luc cua he. Nhung doi vdi he mot bac tu do trong giai doan deo 
thi he so dong chuyen vi kliac voi he so ddng noi lire, he so dong noi lire cung chinh la 
he so dong tai trong. Ta goi he so dong chuyen vi la K y , goi he so dong tai trong la K tj , 
ta co K y ^ K q . 

He so K v duoc xac dinh bang quan he giua chuydn vj cue dai trong he khi chiu tai 
trong dong: y max voi chuyen vi do tai trong tinh co gia tri bang gia tri Ion nhat ciia tai 
trong dong gay ra: v ( : 


v 

— £ max 

y y-r 


(4-1) 


He so K q duoc xac dinh bang quan lie giua tai trong tinh tuong duong: P u1 \di gia tri 
Ibn nhat ciia tai trong dong P m : 



(4-2) 


S2. DAO DONG PHI TUYEN CUA HE CO LUC DAN HOI BAT KI 

I. Phirong trinh vi phan dao dong 

Xet dao dong ciia he mot bac tu do co mo hinh don gian cho lien hinh 4.2a. Dae tnmg 
dan hoi co dang phi tuven bat ki duoc pha,n anh tren hinh 4.2b. Vi dac tru'ng dan hoi phi 
tuven nen dao dong ciia lie duoc xet la dao dong phi luyen (phi tuyen vat 1(). Phuong 
trinh vi phan chuyen dong ciia he duoc xay 
dung tren co so nguyen li Dalambe lir dieu 
kien can bang ciia cac lire trong do co ke dcii 
luc quan tinh duoc viet nhu sau: 

d'v 

M —t + Pj - P| (4-3) 

dr 

Quan lie cua luc dan hoi voi chuyen vi 

duoc xem xet d hai giai doan: giai doan tang 

& e b Ilinh 4.2 
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lai va giai cloan do' tai. Khi tang tai quan he cua life dan hoi vo'i chuye’n vj co dang phi tuyen 
biit ki, con khi do tai quan he co dang tuyen tinh nhu cho tren hinh 4.2b. Khi do tai: 


Trong do: 


p ,i(y) = K (y - y d ) 


y.t = y 


max 


p 

d(yniax) 

K 


Vdri: y m;|X la chuyiin vj cure dai cua he khi chat tai, va K la do cung dan hoi cua he khi 
do tai. Khi do. phuong trinh vi phan dao dong cua he se co dang: 

- Luc tang tai: 

,2 

M—Y-+P () (y,)= P(t) (4-4) 

dr 

- Luc do tai: 


d 2 y, 

M —~~ + K(y, - y (t ) = P(t) (4-5) 

dr 

Trong do: y, se la chuyein vi cua hC khi tang tai, y 2 la chuyen vi cua he khi do tiii. 

Khi quan he P(y,) va tiii trong P(t) la bat ki. nghiem cua phuong trinh vi phan (4-4) co 
the: dupe tim bang cac phuong phap tich phan so. 


Pit) 


2. Tac dung cua tai trong dat dot ngpt va giur nguyen mai tren lie 

Khi lie chiu tac dung cua tiii trong dat dot ngpt. 
sau do giu nguyen mai tren he, ta co: 

P(t) = Pm = const p, 

Ta sc lion hanh tim nghiem cua phuong trinh vi 
phan (4.3) nhu sau: 

Ncu xern rang: //;„/, 43 




d'v 1 d 


dr 2 dv 


( dv ^ 

v dt j 


thi khi ticli phan hai ve ciia phuong trinh (4-4) ta se nhan dupe: 


M 


1 dv, N '" 


dt 


•f 


J.;'p.,<y,) dy = P m .y, +C, 


- V J 

Tir bieu (hue (4-6), ta suv ra: 


! i ! i 
I j i l ' I ! 


i : ! I 


(4-6) 


dt 

dy^ 


2 > m -y, + c i - p j(yi )d y 
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Tich phan hai ve bieu thtfc tren, ta se dirtbc: 




d yi 


^ p m-yi +c i _ l 0 y ' p d(yi) d y 


(4-7) 


Cac h4ng so C l5 Cj trong cac bieu thiic (4-6), (4-7) dupe xac dinh tix dieu kien ban 

' . • * v • _ dy, 

dau. Neu xem dieu kien ban dau bang khong, tutc la: tai t = 0, ta co: y, - 0,-- 0 thay 

dt 

dieu kien ban dau vao (4-6) va (4-7), ta nhan dupe C, = 0, C 2 = 0. Chuyen vi lorn nhat 

cua he dat duoc tai then diem khi = 0 . Dua dieu kien nay vao bieu thiic (4-6), ta co: 

dt 


P m *y l(max) = Jo' ^ 

Gia su ta tinh vpi lire dan hoi co quy luat luy thira: 

p t ,(y.) = K.y n 

Trong trudng hop nay. tir phuong trinh (4-8), ta se nhan duoc: 


(4-8) 


(4-9) 


y max 


(n + nPrc 
K 


The bieu thirc (4-10) vao (4-9) ta co: 


P dy(max) ( n ^ P n 


(4-10) 


(4-11) 


Bay gia ta se xac dinh he so dong chuyen vi va he so dong tai trong. Do vong tinh do 


tai trong dong co gia tri Ion nhat gay ra la: y T = 


- 151 


Tai trong dong co gia trj ldn nhat: P m . 

Tai trong tinh tuong duong: P td = Ky^ ax = (n + l)P m . 

Do do, ta co he s6 dong chuyen vi: 

l 

K _ yffiM. =f (n+ l) n (4.12) 

yT 

He so dong tai trong: 

K q =^L = (n + l) (4-13) 

*rn 

Co he so dong K y , K q dupe tinh vdi cac gia tri khac nhau theo n cho 6 bang (4.1). 
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Bang 4.1 


N 

0,2 

0,5 

0,8 

1 

2 

3 

5 

10 

K y 

2,49 

2,25 

2,09 

2 

1,73 

1,59 

1,43 

1,27 


U2 

1,5 

1,8 

2 

3 

4 

6 ^ 

11 


Qua cac gia tri d bang tre ta thay r4ng: He so dong phu thuoc vao dac trung phi dan 
hoi qua gia trj n. 

Khi n < 1, ung vdi trudng hop dudng cong quan he cua lure dan hoi vdi chuyen v| la 
dudng cong lom, ta co K y > K . 

Khi n > 1, ta co: K y < K q (dudng cong loi). 

Khi n = 1, ting vdi trudng hop lire dan hoi tuyen tmh, ta co: K y = K t| = 2. Didu nay 
hoan toan dung vdi ket qua da dupe xet d chuong I. 

Chuydn dong cua he khi do tai duoc xac dinh tix phuong trinh vi phan (4-5) vdi dieu 
kien ban dau sau: tai t = t m , ta co: 

y2-y Him) - ymax 
y 2 =0 

Trong do: t m la thdi gian dat dupe chuyen vi ldn nhat xac dinh theo (4-7). Phuong 
trinh vi phan dao dong (4-5) la phuong trinh vi phfin tuyen tinh, nghiem cua no dl dang 
dupe tim. 


3. Tac dung cua xung turc thori S 

Trong trudng hop nay chuyen vi cua he khi chat tai dupe tim td phuong trinh vi phan 
(4-4) vdi cac didu kien ban dau sau: 


y, (0) = o 

y, (0) = |r 

Luc nay tai trong bang khong P(t) = 0. Thay cac dieu kien nay vao phuong trinh (4-6), 
ta xac dinh dupe hang so C, nhu sau: 


S 2 


' 2M 

Phuong trinh xac dinh chuyen vi ldn nhat cua he se nhan dupe tu phuong trinh (4-6) 

khi cho = 0 
dt 


IPj(y,> dy = 


2M 


(4-14) 
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Tinh voi trudng hgp lire dan hoi co dang ham luy thCra (4-9). The bieu thuc (4-9) vao 
(4-14), sau khi lay tich phan va bien doi, ta nhan dirge: 


(n + 1)S 2 
2KM 


i 

n+1 


(4-15) 


Tai trong tinh tircmg duong dirge tinh tirgng tu nhu 6 ph&n tren: 


Pu,= 


s 2 .(n +1) 
2M 


n+l — 

. K n+I 


(4-16) 


§3. DAO DONG CUA H$ DAN DEO LI TUCJNG 

1. Phuong trinh dao dong eua he 

Xet he co dac trirng dan hoi deo li tircmg. Quan he ciia luc dan hbi P d (y) vdi chuye’n vj 
y cho tren hinh 4.4 gom hai doan thang. Doan thang dSu tien th gbc toa d6 phu hgp voi 
giai doan dan hoi. Doan thang thu hai song song vcri true y phu hgp vdi giai doan deo. 
Luc dan hoi dugc xac dinh nhu sau: 

P d (y) = Ky, khi: y < y 0 = ^ 

P 

p a(y) = p « = const - khi: y > y ° = 

Phucrng trinh vi phan dao dong eua he nhan duo'c 
bang each the P(y) vao phucrng trinh can bang luc 
(4-3). Khi thay P ct (y) = K.y vao (4-3), ta nhan dugc 
phuong trinh vi phan dao dong cua he trong giai 
doan dan h6i. 

M^-^ + Ky, =P(t) 
dt“ 

Thay P t1 (y) = P 0 vao (4-3), ta dugc phuong trinh vi 
doan deo: 

M ^-y-+ P^ = P(t) (4-18) 

dt" 

Nhu vay khi tinh he dan hoi deo li tubng, phuong trinh vi phan dao dong (4-3) dugc 
phan ra hai phuong trinh vi phan tuyen tinh (4-17) va (4-18). 

Nghiem cua phuong trinh vi phan (4-17) nhu da biet o chuong I la: 

Vi(t) = A cos cot '+ Bsinwt = —f l P(x)sino)(t-T)dT (4-19) 

Mo 



Hinh J J 


(4-17) 

phan dao dong cua he trong giai 
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Trong do: co = (— la tan so dao dong rieng cua he A. B la cae hang so dircfc xac dinh 
V M 

tu di£u kien ban dau. Neu xem dieu kien ban dau bang khong, tire la: tai t = 0, ta co: 
y,(t) = 0. y t (t) = 0, thi A = 0, B = 0; Luc nay ta co: 


1 rt 

v,(t) =- t P(x)sin(o(t-x) dx 

' 1 Mco Jo 


(4-19’) 


Bieu thuc (4-19). chmh la dao dong cua he trong giai doan dan hoi, no chi dung den 

, p 

thoi diem t = t c ; khi do: y, (t 0 ) = y„ = -r -. 

K, 

Nghiem cua phuong trinh vi phan (4-18) duoc tim bang phuong phap rich phan thong 
thudng. Ttch phan hai ve phucmg trinh (4-18), ta diroc: 


y2 (t) =-^[j;,P," dt -P„ (, - , o ) ] +c, 


Va do do: 




J‘ P^t 2 - 1 " 0 l ° } 

J i„ J t () U) ~ 


+ Cj (t —1 0 ) + C 2 


Bieu thurc tren bieu thi dao dong cua he trong giai doan deo khi t > t 0 ; cac hang s6 C, 
va C 2 duoc xac dinh tir dieu kien ban dau sau: tai t = t 0 , ta co: 

y2(0 = y o ; y2( l ) = y,(t 0 ) 

Voi dieu kien ban dau nay. ta xac dinh duoc: 

c i = yi(to>; c 2 = y 0 

Do do: 

\2 


y 2 0) = 


2 


J J P(Od. ! -^ 


+ yi( t o)( l - l c)+y<, 


(4-20) 


2. Tac dung cua tai trong dat dot ngot va giur nguyen mai tren he 

Ta se xet mot trucrng hop cu the: khi he chiu tac dung cua tai trong dat dot ngot, sau 
do giu nguyen mai tr6n he (hinh 4.3): P(t) = P m = const. 

6 giai doan dan hoi, neu xem dieu kien ban dau bang khong, tire la: tai t = 0, ta co: 
y,( 0 )= 0. y l(()) = 0, thi phuong trinh dao dong xac dinh theo (4-19”) se la: 


yi(0 = ^r(i-coso)t) 
K 


(4-21) 
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Phuong trinh nay chinh la (1-191) cua chuong 1. 

Dfe xac dinh phuong trinh dao dong trong giai doan deo, ta can phai xac dinh thdi 
diem cuoi giai doan dan h6i t = t 0 ; thoi di^m nay duoc xac dinh tir bi£u thirc (4-21) khi 
cho t = t 0 va Ky, = P 0 , ta co: 

Kyi =P m (l-cos©t 0 ) = P 0 


Suy ra: 


(ot 0 = arc cos 



1 [ P 

t, = — arc cos 1—— 


(4-22) 


Tir bi6u thtirc tren, ta thay rang bien dang deo trong he phat sinh neu: 

i<2 


Lay dao ham phuong trinh (4-20) va tinh tai thoi diem t - t G , ta co: 

. . . P m .(0 . ©P 0 |2P m ~ 

y,(t 0 =——sino)t =—- ——-I 
10 K 0 K V P, 


(4-23) 


Dua (4-23) vao (4-20), tfnh tfch phan kep cua bieu thurc (4-20) v6i P(t)= P m , sau khi 
bien doi ta nhan duoc phirong trinh chuyen vi ciia he trong giai doan deo nhu sau: 


y 2 (0=^ i+. 


( p w 

1 - co(t-t 0 )- 1--^ —(t-t„) 2 


(4-24) 


Chuyen vi cua he trong giai doan deo dat gia tri ldn nhat tai thcri di6m ung vdi phuong 
trinh Yi(t) = 0- ^ au khi lay dao ham (4-4) va cho being khong, ta duoc: 


P 

2 m -1 


hr, =L+- L 7 


\ P «. 


(4-25) 


CO 1- 


The (t m -1 0 ) theo (4-25) vao (4-24), sau khi bien doi, ta nhan duoc: 


(4-26) 


Nhan xet: 

- Tu bieu thirc (4-26) ta thay rang: di6u kien dc he lam viec trong giai doan deo va co 
chuyen vi huu han la: 
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0,5 P„<P„,<P,, (4-27) 

- Khi P m < 0,5 P 0 thi he lam viec trong giai doan dan hoi. Chuyen vi ldn nh&t ciia he 
trong giai doan dan hoi duoc xac dinh tir (4-21). 

(4-28) 

Bay gift ta se xac dinh he so dong chuydn vi va he so dong tai trong trong giai 
doan deo. 

He so dong tai trong phu hop vdi bieu thue (4-2) se la: 


P 

K q =-5a- 

q P,. 


(4-29) 


Tir cac bieiu thirc (4-26) va (4-29) ta se tim duoc he so dong tai trong bieu thi qua 
chuyen vj nhir sau: 


K ,= 


fy \ 

j m ax 

y« j 


J max 


-1 1-0,5 


V y« / 

He so dong chuyen vi duoc xac dinh theo (4-1): 


y max ) 


(4-30) 


Ky=Zina>L (4-3 D 

y T 

P 

Trong do: y max duoc xac dinh theo (4-26), con y T = —. Ta se bieu thi he so dong 

K 

chuyen vi theo he so dong tai trong bang each dua (4-26) vao (4-31) va sir dung (4-29), 
ta co: 


K v = K q 


1 + 0,5- 


2-K q 


(4-32) 


Cac cong thurc (4-29) va (4-32) cho phep kiem tra kha nang chiu tai cua he. Tir gia trj 
tai trong ngoai P m va gia tri lire dan hdi gidi han P 0 la dd dang xac dinh duoc he so dong 
tai trong K q ; sau do se xac dinh he so dong chuyen vi theo (4-32). Ta se kie-m tra 
didu kien: 


y max = K y * y g h (4-33) 

Trong do: y gh la chuyen vi gidri han. 

Khi tinh ket cau chiu tai trong dong da cho P m , ta thiet lap quail he gidi han: 
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•J llkU _ __ 

~ n y max 

y 0 p 0 

va se xac dinh he so dong tai trong theo bieu thdc (4-30), sau do se tinh tai trong tmh 
tuong duong theo (4-2); P ld = K q . P m . Tren co so do ta se xac dirth noi lire va thiet ke 
tiet dien. 


Ky 


Tren hlnh (4.5) mo ta quan he giua he sb dong tai trong K q vdi ti so 


khi he 


chiu tac dung cua tai trong dat dot ngot Duong do thi tren cimg phix hop vdi tac dung 
ciia tai trong dat dot ngot, sau do giuf nguy£n gia tri tren he. 

Kq 1 



Uinh 4.5 


§4. DAO DONG CUA HE CtlNG DEO 

f Pd(y) 

Trong ti'nh toan cac ket cau phat sinh bien dang 
deo vuot qua giai doan dan h6i. doi khi ta bo qua 

sir lam viec cua ket cau trong giai doan dan hoi, va P a - 

chi xet dao dong cua he trong giai doan deo. 

Luc nay quan he cua luc dan hoi vdi chuyen vi la 

dudng thing song song vdi true y, khi tirth ejao dong 0 - 

cua he cirng deo ta gia thiet ring, ket cau duqc giu Hinh 4 6 

nguyen trang thai khi tai trong dong ben ngoai chua 
dat den gia tri bing gia tri gidi han dan hoi P c . 

Trong trudng hop nay phuong trinh vi phan chuyen dong cua he co dang: 

d 2 v 

M —~ = P(t)-P 
dt 2 


(4-34) 
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Nghiem cua phuong trinh vi phan (4-34) duoc tim bang each Lay tfch phan phuong 
trinh do va xem dieu kien ban diu bang khong, tdc la, tai { = 0 ta co: y (o) = 0; y (0) = 0, ta 

nhan duroc: 


M — = f l P(t)dt-P..t 
dt Jo 


My = £ |;P(t)dt 


,2 Po^ 


(4-35) 


(4-36) 


Tu phuong trinh (4-34) ta thay rang: tai trong ngoai tac dung P(t) can phai duoc bat 
dau tu mot thefi diem nao do nho hoac Ion hon P c . Vi vay, neu he cung deo dao dong do 
tai trong tac dung khong doi theo thcti gian thi chuyen vi cua he se co gia tri vo han. 

Ta se khao sat trucmg hop tai trong dong thay doi theo tP ( t ) 



Mv = P„ 


2 60 


-P .11 

o 2 


, dy 

Chuven luc cua he dat gia tri Ion nhat tai thoi diem khi — = 0 la: 

dt 


t m = 20 


( p N 

1 --^ 


V 


m ) 


The bieu thde (4-39) vao (4-38), ta se nhan duoc: 


v 2 -M 

>m;,x 3M 


,2 ( 


1-^ 




He so dong tai trong phu hop vdi bi&u thuc (4-2) se la: 


P 

K = -^- 
q P 

1 m 


Tu hai bieu thufc (4-40) va (4-41) ta se xac dinh duoc he so dong tai trong: 

[3M\ 


K t| =l- 


I J 

\ 20 2 . 


v 

- max 


(4-38) 


(4-39) 


(4-40) 


(4-41) 


(4-42) 
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§5. TINH DAO DONG PHI TUYEN THEQ PHUtfNG PHAP TICH PHAN TRlTC TIEP 

Cac phuong phap rich phan true tiep da dupe xet d chuong II (dao dong cua he huu 
han bac tu do) d day khi xet he mot bac tu do co dac trung dan hoi phi tuyen bat ky ta 
cflng co the ap dung phuong phap tlch phan so doi vdi phirong trinh vi phan dao dong (4- 
4); Viec ap dung phirong phap tich phan s6” true tiep doi v6i cac he phi dan hoi rat thlch 
hop va co hieu c]ua: Nhu da biet phuong phap tich phan true tiep dupe tinh vdi mot chuoi 
cac khoang thoi gian At lien tiep tir khi he bdt diiu chiu tac dung cita tai trong dong ben 
ngoai dch thoi diem mong muon bat ki. 0 moi bude thdi gian, dieu kien can bang luc 
deu dupe thoa man. Phuong trinh can bang luc co thd viet dupe trong cac gia so tuong 
irng vdi cac bude thdi gian, va viec tich phan so cung se dupe tien hanh doi vdi cac 
phuong trinh can bang luc trong cac gia so; > 


I. Phuong trinh can b^ng luc trong cac gia so 

Xet dao dong cua he mot bac tu do co mo hinh tong quat cho tren hinh 4.8a. Cac luc 
tac dung vao khoi lupng cho tren hinh 4.8b. tai trong dong tac dung bat ki cho tren hinh 
4.8c; cac dac trung phi tuyen cua luc dan hoi va luc can cho tren hinh 4.8d va 4.8e. 



Hinh 4.8 

Tai thdi diem t. tir dieu kien can bang cua cac luc tac dung vao khoi lupng, la co: 

P t| 0) + P c (t) + Pj (t) = P(t) (4-43) 

Qua mot khoang thdi gian ngan At, tuong urng ta cung co: 

- P q (t + At) + P c (t + At) + P d (t + At) + = P (t + At) (4-44) 
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Sau khi the (4-43) vao (4-44), ta nhan dirge phuong trinh can bang luc trong cac gia so: 


-AP q (t) + AP C (t) + AP d (t) = AP (t) 

Cae gia so cua cae luc cac phuong trinh (4-45) co the- bieu thi nhu sau: 
P q (t) = P q (t + At)-P q (t) = -MAy(t) 

AP c (t) = P c (t + At)-P L .(t) = C(t)Ay(t) 

APj(t)= P {} (t +At)-Pj(t) = K(t)Ay(t) 

AP(t) = P q (t + At)-P(t) 


(4-45) 


(4-46) 


(4-48) 


Cae tham so tai trong P(t), tham so tat dan C(l), tham so do ctrng K(t) tuong ting trong 
khoang thcfi gian At dugc cho tren hinh 4.8c, d, e. Khi bieu thi cac gia so cua cac luc 
(4-46) ta gia thiet rang: Khoi luong cua he khong thav doi vdi moi khoang thbi gian. Cac 
goc lech tiep tuyen dugc xac dinh tai dau m6i khoang thcfi gian nhu sau: 

c (t) 5t f —] ; K(t)J^j (4-47) 

\dy ) dy 

The cac bieu thurc (4-46) vao (4-45), ta nhan dugc phuefng trinh can bang luc trong cac 
gia so tai thcfi diem t: 

MAy(t) + C(t)Ay(t) + K(t)Ay(t) = AP(t) (4-48) 

2. Ap dung phuong phap gia toe tuyen tinh 

Co nhieu phuong phap de tinh tich phan so true tiep 

phuong trinh (4-48), 6 day sir dung phuong phap gia ______-— 

toe tuyen tinh. Nhu da trinh bay 6 chuong hai, gia thiet yd)]~[ g> 

cua phuong phap nay la: trong gidi hail cua m6i tich ~-A-J 

phan thcfi gian, gia toe chuyen dong thay ddi theo quy ; | 

luat tuyen tinh, khi do he so tat dan va do cung cua he 

dugc xem la khong thay doi. |-'ytti 

Khi gia toe thay ddi theo quy luat tuyen tinh ta co: y( 

Hinh 4.9a. 0) 


v(t) = V. +— T 


Vdi: 0 < t < A 

Khi do, toe do va chuydn vi ciia lie se thay ddi theo 
quy luat parabol bac hai va parabol bac ba, hinh 4.9b, c. 

Av i 2 

yM = y, + y,.T + ~ T 


Hinh 4.9 
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.. x 2 ' Ay x 2 

y(t) = y,+y, t + -y.-— + t7't 

z At 6 


TCr cac bieu thu*c xac dinh chuyPn v| va toe do tai cuoi khoang thdi gian x = At, ta se 
co cac gia so toe do va chuyein vi nhir sau: 

At 


Ay(t) = y(t)At + Ay(t) 


At 2 At 2 

Ay(t) = y(t)At +y(t) —+ Ay(t)— 
2 6 


Tir (4-50). ta suy ra: 


Ay(t) = -^-Ay(t)- — y(t)-3y(t) 
At' At 


The bieu thurc (4-51) vao (4-49), ta dupe: 


Ay(t)^-Ay(t)-3y(0—y-y(t) 


(4-49) 

(4-50) 

(4-51) 

(4-52) 


The cac bidiu thurc (4.51) va (4.52) vao (4.48) ta se nhan ductc phuong trinh chuyen 


dong: 


I ^ /: 

M —Ay(t)-y(t)-3y(t) 

I At - At 


+C(t) 


3 At 

— Ay(t)-3y(t) —— y(t) 
At 2 


+ K(t)Ay(t) = AP(t) 


Chuydn sang ve phai tat ca cac thanh ph^n xac dinh bdi cac dieu kien ban dau. ta se co: 

K*(t )Ay(t) = AP*(t) (4-53) 

Trong do: 

6 3 

(4-54) 


K*(t) = K(t) + -^r- • M + — • C(t) 
At 2 At 


AP (t) = AP(x)+ M 


— y(t)+3y(t) 

+ C(t) 

3y(t) + ^y(t) 

At 


2 


(4-55) 


Ta thav rang: phuong truth (4-53) tuong duong vdi dieu kien can bang tilth trong cac 
gia so. Sau khi giai phuong trinh (4-53). ta se xac dinh dupe gia so chuyen vi Ay(t). The 
Ay(t) vao (4-52) ta se nhan dupe gia so toe dp Ay(t). Chuyen vi va toe do d cuoi gia so 
thoi gian At dupe tilth bang vice bP sung cac gia so chuyen vi va gia so toe do: 

y(t -t- At) — y(t) + Ay(t) 1 
v(t + At) = y(t) + Ay(t)j 


(4-56) 
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l orn lai, truth tu cua phttc/ng plidp li en duuc tieu hanh ninfsau: 

1. Xac dinh cac dac trung phi dan hoi cua he g6m: 

Do cling K(t), he so tit dan C(t), va xac dinh cac dai lirgng bien d6i cua lire can P c (t) 
va lire dan hoi P(t). 

2. Xac dinh cac dieu kien ban diu: chuyen vi ban diu va toe do ban dau duoc xein la 
da biet lir di6u kien ban dau cua bai toan, hoac cf cuoi gia so thoi gian cua buoc trubc. 
Gia toe ban dau dugc xac dinh til dieu kien can bang lire: 

y(t) = ij-tP(t)-P c (t)-P d()) ] (4-57) 

3. Chon birbe thefi gian At: De dam bao do chinh xac can thiet cua ket qua tfnh toan 
cin chon buoc thoi gian: 



Trong do: T la chu ki dao dong rieng ciia he. 

4. Xac dinh do cling K*(t) theo (4.54). 

5. Xac dinh gia so tai trong AP*(t)theo (4-55). 

6. Xac dinh gia so chuyen vi lai thofi di&m t tir viec giai phuong trinh (4-53). 

7. Xac dinh chuyen vj va toe do tai thoi diem (t + At) theo (4-56). trong do gia so toe 
do lai ihcri diem t dirge xac dinh theo (4-52). 
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Chuong 5 

TINH CONG TRINH CHIU TAC DUNG DONG DAT 


Dong dat la mot tham hoa vo cung to lbn va khung khiep. Vi vay, tinh cong trinh chiu 
tac dung dong dat la mot nhu c^u het Stic can thiet trong xay dung nh&t la vdi cac cong 
trinh quan trong, cac thap nude, cac cong trinh nha cao tang v.v.. 

O chuong nay se trinh bay bai toan dao dong he mot bac tu do, he huu han bac tu do 
chiu tac dung dong dat chu yeu do gia toe ngang cua nen dat y 0 (t). 


§1. DAO DONG CLJA HE MOT BAC TUDO CHIU TAC DUNG DONG DAT 
1. Xay dung phuong trinh vi phan dao dong he 1 bac tu do chiu tac dung dong dat 


Trjc xet''’! 



r 

prf) 

2 


Pc(t) 


- 

2 


P q (t) 


i yaD i 

r -+ a) 

Hinh 5.1 

Xet mo hinh he 1 bac tu do chiu tac dung dong dat dugc dac trung bbi chuyen dong 
ngang cua n£n dat y„(t) hinh 5.1. Phuong trinh can bang dugc xay dung tu hinh 5.1b. 
Nhu da trinh bay o chuong 1, §1: Phuong trinh vi phan chuybn dong do su kich dong cua 
n6n dugc viet 6 dang 1.21 la: 

My(t) + Cy(t)+Ky(t) = -M.y ll (t) (5-1) 

Thanh phan 6 ve phai cua (5-1) dong vai tro nhu tai trong d6ng thay doi theo thbi gian 
tac dung len he. 


2. Phuong trinh dao dong ciia he mot bac tu do chju tac dung dong dat 

Phuong trinh vi phan (5-1) dugc viet b dang sau: (chia 2 ve cua (5-1) cho M). 

y(t) + 2o)£y(t) + G> 2 y(t) = -y„(t) (5-2) 

Vbi e la tham so tit diin, w la tan so dao dong rieng. 
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Nghiem tong quat cua phuong trinh vi phan (5-2) b4ng tong cua nghiem thuan nhat 
ling vbi ve phai cua phirong trinh bang khong va nghiem rieng. Nghiem thuan nhat bieu 
thi dao dong tu do tat dan va se mat di sau mot thbi gian ngan. Vi vay b day chi xet tbi 
nghiem rieng; nghiem rieng cua phuang trinh vi phfin (5-2) dupe viet theo (1.196); 

y(t) = —— • f P(x).e~ <,)£(l_T) .sinco c (t-x)dx; 6 bai toan dong d&'t, ta co: 

Mca c ■*' 

y(t) = —— • f y ( „ ) ( T ) e_< ’ ,e(, " T) .sin © c (t - x)dt (5-3) 

o> c 

Trong do: (o c = o)\' l - s 2 


Vbi dai da so cac cong trinh xay dung trong thuc te: e < 0,2, do do = co. ta lay io t = co. 
Viet lai phirong trinh nghiem (5-3); 

y(t) = f y (> (x).e'“ £<, " T) .sinco(t -r)dr (5-4) 

(0 

(5-4) la phuong trinh dao dong cua he 1 bac tu do chiu tac dung dong dat dupe dac 
trirng bbi gia toe kich dong cua nen y 0 (t). 


Gia ti i tuyet doi lbn nhat cua bieu thurc tich phan b ve' phai cua (5-4) goi la pho van toe 
va ki hieu la S v (s, T): 


Sw (e, T) — 


/'.yoW-e'^'^-^ncoa-T) dt =|V (() | 


(5-5) 


Trong do: 


V(t)=f ( y i) (x).e w£(l T, .sinco(t-x) dx (5-6) 

Phu hop vbi (5-5). gia tri tuyet doi lbn nhat cua chuyen vi (5-4) se la 

b<0|™u. =^-S v <e.X) = S J (e.T) (5-7) 

Sj(e, T): goi la pho chuyen vj. 

Dau trir (-) b ve phai ciia phuong trinh vi phan dao dong (5-1 * chi lire kich dong thay 
dbi theo thbi gian tac dung vao he co chieu nguoc vbi chieu gia toe chuyen dong ciia nen 
dat y„(l). Vi chuyen dong ciia nen dal co dac trirng doi chieu tac dung, nen chuyen vi 

lbn nhat cua khbi lupng (5-7), va cac dai lupng nghien ciru sau nay cung khong xet den 
dau (-) do nua. 


3. Xac dinh tai trong dong dat tac dung ien he 

Bibu thuc tong quat cua lire tuong ung vbi trang thai dong cua he 1 bac tu do dupe xac 
dinh theo (1.191): 

Pj(t) = P m • K(t) 
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Trong do: He so dong hoc (hay doi theo thcri gian dupe xac dinh theo (1.197) va trong 
trircmg hop nay: 

2 

K(t) = — P.f(T).e _l ' ,E<,_T) .sincD c (t-T) dT = (o| t ) y 0 (T).e' l ' ,E<,_t> .sin(o(t-x) dt = co.V(t) 

Dodo: P ( ,(t) = M.o)V(t) (5-8) 

Tai trong dong dat tac dung len he la gi£ tri ldn nhat cua bieu thuc P d (t) 6 tren: 

P M = M.coV™* = M.coS v (e,t) = M.S a (e, T) (5-9) 

Trong do: S.(e,T) = co.S v (e.T) (5-10) 

S a (s, T) goi la pho gia toe. 

§2. DAO DONG CUA HE HUU HAN BAC TUDO CHIU TAC DUNG DONG DAT 

1. Xay dung phuong trinh vi phan dao dong he huru han bac tu do chju tac dung 
dong dat 

Xet he n bac tu do chiu tac dung dong dat dac trung 
boi chuydn dong ngang cua nen y„(t), hinh 5.2. 

Chuyen vi toan phan cua cac khoi lupng tren he 
se la: 

jy^ (t)| ={y(t)} + {l}y„(t) vdi {1} la vec toco 
n phan tu bang don vj 
Dodo: jy^ (t)J = {y(t)} +{l}y 0 (t) 

Tuong ung ta co phuong trinh vi phan dao dong 
t6ng quat cua he huu han bac tu do chju tac dung 
dong dat viet duoi dang ma trail nhu sau: 

+ [c]{y(t)}+[K]{y(t)} 

= -[M]{l}y„<l) (5-11) 

Trong do: [K], [M], [c] la ma tran cung, ma Iran 
khoi lupng, ma tran tat dan cua he. Thanh phan ben 
vc phai cua phuong trinh (5-11) dong vai tro nhu vec to tai trong dong thay doi theo thori 
gian tac dung len he. 

2. Phuong trinh dao dong he huru han bac tu do chju tac dung dong dat. 

De lim phuong trinh dao dong, ta co the ap dung phuong phap khai triPn tai trong theo 
cac dang rieng (cung co thd ap dung phuong phap toa do tong quat, v.v...). Tai trong 
khai trien theo cac dang rieng dupe xac dinh theo cong thuc (2.130) va trong trudng nay 
se la: 




Hinh 5.2 
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( 5 - 12 ) 


{ p . K y*?, mw= f ^T ^ = ^ 

W,} Ni^Pi} {<p,} [M]{(Pi} 

{<P;} T [M]{1} _ Lj . 


Trong do: 


Hi =' 


; fo.| goi la he so dang 


(5-13) 


k }>]{<>,} M, 

Vec to chuyen vi cua he ung vdi dang dao dong rieng thur i duoc tinh theo (2.135): 

{y i (t)}=[M]‘ l {p i }K li (t) 

Khi chiu tac dung dong dat: 

K ai (t) = —f f(T)e” Wi£i<1_T) .sina) i c (t-x)dx = — f y n (T).e'“ |C ' (t ” T \sincOj(t-T) dx 
(0 ^ 


CO: 


K ai (t) = ~V i (t) 

®i 

Dodo: {y i (t)} = [M]" , .{P i }.^ 

COj 

Dua (5-12) vao bieu thuc tren, ta duoc: 

CO; 

Gia tri Ion nMt cua vec to chuyen vj ung voi dang chfnh thir i se la: 

(y. = Hi • SV, ^’ T|) {<Pi } = Hi -S di (Ej , T; ) {(P; } 

Trong do: 


(5-14) 


(0; 


(5-15) 


(5-16) 


S t ,i(£;,T;) = —S Vl (S;,T,) la pho chuyen vi dang i, con S Vi la pho van toe dang i: 


CO; 


S V i( s i’T|) = jf,y 0 (T).e' WiEi( ‘ ^.sincOjlt-Tldx = |V;(t)| 

max 

Vec to chuyen vi cua he duoc viet tit (5-15): 

{y(t)} = [o]|^ L v i (t)j 


(5-17) 


(5-18) 


H 


Trong do <J — V t (t) [• la vec to co cac ph&n tur bang — V; (t) voi i = 1,2,... n. 


co. 


co. 


3. Xac dinh tai trong dong dat tac dung len he 

Vec to luc tuong ung voi trang thai dong cua he huu han bac tu do ung voi dang chinh 
thd i duoc xac dinh theo (2.139): 
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{P Ai (.)|-{Pj.K,(0 

Trong do: K,(t) dugc tfnh tucmg tu nhu (1.197) va vdi tac dung dong dat se la: 

2 

K:(t) = f f(x)e"“ iEit, “ I) .sina) j (t - x)dx = CDj f y o (x).e' < ° i£i(l ' I) .siiK 0 i (t - x) dx = co i V,(t) (5-19) 

<o u . ' . 

Dua {P;} theo (5-12) va K f (t) vao bidu thuc tren, ta duoc: 

{Pjj(»( = Mj [M]{<pj}-C0jVj<t) (5-20) 

Vecto' tai trong dong dat tac dung len he ung vdi dang chlnh thu i la gia tri Ion nhat 
cua (5-20): 

JP"( = Pi[M]{<P^,.S Vl (e 1 ,T 1 ) = n,[M]{<|> i }.S^(£,T i ) (5-21) 

Trong do: S ai (e,, T,) = ©^(s,, T,) la phd gia toe dang i. 

Tai trgng dong dat tac dung vao khoi lugng K (tang thrr K) cua tat ca cac dang dao 
dong rieng dugc td hgp bang each tinh gdn dung tren ca sd 11 thuyet xac suat: 


) 2 = )/(^) 2 + ( P K d 2 ) 2 ^- + (PK d n ) 2 

Cuoi cung ta co vecto tai trgng dong da( tac dung len he huu han bac tu do: 


(5-22) 



4. Mot so phuong phap tlnh he huru han bac tu do chiu tac dung dong dat 

a) Phi ferng phap pho 

Vec to tai trong dong dat ting vdi dang chlnh thu 1 i dugc xac dinh tren ca sd cac dudng 
cong phd gia tdc, hoac cac dudng cong pho van toe theo cong thuc (5-21). Tren hinh 5.3 
cho thl du mo ta cac dudng cong pho van tdc. Phd van tdc nay dugc tlnh toan theo bidu 
thuc (5-17). 

b ) Piuamg phap tlnh hoc tifang ditang 

Vec to tai trgng dong dat ung vdi dang chlnh thu i: 

{Pi dd }=[Q]{9iU-K; w (5-24) 

Trong do: [Q] - ma Iran trong lugng cua he; 

K‘ |(1 - he sd dong dat ung vdi dang i. 
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(5-25) 


Theo quy pham CHH11II-8-71 (Lien Xo) thi: 

K; i(J =P i K c .K,.K 2 .K (t) 

Vdi: p, - he so phu thuoc chu ki dao dong rieng, va loai n6n dat; 

K c - he so tra theo cap dong dat (he so vung); 

K, - he so tinh den su ha hong cho phep cua cong trinh; 

K 2 - he so cac giai phap ket cau; 

K v - he so k6 den dac diem ket cau. 

Tat ca cac he so tren deu co bang tra va chi din cu th6 trong quy pham. 



Hinh 5.3 

c) Phifong phap tinh theo gidn do gia toe 

Phirong trinh vi phan dao dong he huru han bac tq do chiu tac dung dong dat (5-11): 

[M]{ y ( t )} +[c] {y(t)} + [K] {y(t)} = -[M]{l| y 0 (t) 

Phaong phap tinh theo gian do gia toe la phuong phap giai true tiep phuong trinh vi 
phan dao dong tren khi co gian do gia toe cua n&n y 0 (t) o ve phai. 

Gian do gia toe n6n co the la gian do gia toe thqc, no daoc ghi bing may, hoac co the 
la gian d6 gia toe mo phong do nganh Vat li dia ciu dua ra. Phaong phap thich hop de 
giai phaong trinh vi phan nha vay la cac phaong phap tich phan trqc tiep theo cac bade 
then gian da neu 6 chaong 2.§16 nha phaong phap Niumax, phaong phap VinsonG, 
phuong phap sai phan hiiu han... 
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Ngoai ra, co the tham khao cac quy pham cua cac nude nhu quy pham cua My: UBC 
97, quy pham cua Trung Quoc GBJ 89, v.v... va cac phuefng phap khac dd tinh toan va 
xac dinh tai trong dong dat. 

5, Thf du: 

Xac dinh tai trong dong dat tac dung khung 3 tang hinh 5.4. Kich thuoc, tiet dien, 
trong luong phan bo cac tang cho tren hinh ve "Cong trinh xay dung trong viing dong 
dat cap 8 co K c = 0.2: Cac he so K, = 0,25; K 2 = K v = 1. Ndn dat loai I. 


S 2 



Hinh 5.4 


- Xac dinh tan so va dang dao dong rieng: 

....... . , 1 , 6,82.18 _ 3,5.18 _ 

Khoi luong cac tang: m, = m, = —q l = •-= 12,55 ; m, = —-= 6.43 

g 9,81 9,81 


Dodo: [m] 

Ma tran men: 


12,55 0 0 

0 12,55 0 

0 0 6,43 


123 0 0" 

, [Q] - 0 123 0 .T 

0 0 63 


" 8 U 

^12 

8 .3 _ 


" 3,48 

4,242 

4,242' 

5 2] 

^22 

5 23 

= 

4,242 

8,54 

9,147 

6 2 1 

8 32 

833 j 


4,242 

9,147 

13,35 


Trong do cac he so do mem duoc tinh gan dung theo cong thiic cua Sigalov. Phuong 
trinh tan so: 

[F] [M] — l T [E] = 0, Dang dao dong rieng: {<p*} =—[B,, ] ' {B,} 

ft' k*" '• ' 


Kctqua: {o)j = |o) 2 | = hl,3 l.s -1 , [O] = 1,885 0,222 -1,197 

(0,J [31.1 J 2,256 -1,248 1,096 

Cac dang dao dong rieng dau thoa man dieu kien true giao (2-58). 
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- Xac dinh vec to tai trong dong dat urng vdi dang chinh thii i theo (5-24) va (5-25): 

{Pi.}=[Q]{l> i }l*iftKcK|K 2 K, 

K = K C K,K,K V =0,2.0,25.1.1 =0,05 
Tinh p,: cong trlnh xay dung tren n6n dal loai I, nen: 


Pi=- : 


Tmh he so dang j.i; thco (5-13): j-i, = 


. , n 1 cu, 6,98 

i = l co B, = — = —=-= 1,11 

1 T, 2k 2k 

i = 2 co p, =^. = —= 3,39 >3 lav p, =3 
2k 2k 

i= 3 co p- = 3 

W t [m]{.} 


l = 


= 


M>]W 

{(P,} T [M]{(P,} 


M MW,} 

{1 1,885 2,256} 


"12,55 

0 

0 


fl] 

0 

12,55 

0 

< 

1 

0 

0 

6,43 


1 


i = 2: 

i = 3: 
Vav: 


{ p ,‘“l = 


(1 1,885 2,256} 

{<P 2 } [M]{cp 2 } 
{<P,j T [M]|l} = , = 0 |9 

{%} [M]{<p,| 


123 0 0 

0 123 0 

0 0 63 


"12.55 

0 

0 


1 

0 

12,55 

0 

« 

1,885 > 

0 

0 

6,43 


2,256 j 


= 0,565 


1 1 


'3,85' 


pdit 

Ml 

1,885 

0,565.1,11.0,05= < 

7,28 

>.T = < 

*21 > 

2,256 


4,44 

kw J 


[*zt' 



123 

0 

0 


1 


5,88 

jp;'"} = 

0 

123 

0 

< 

0,222 

► .0,319.3.0,05 = « 

1,31 > 


0 

0 

63 


-1,248 


-3,74 


'123 

0 

o' 


1 


'2.2 

jp:“J = 

0 

123 

0 

< 

-1,197 

>.0,119.3.0,05 = < 

-2,62 > 


0 

0 

63 


1,069 


1,23 


.T 


t: theo cong thuc (5-22) 
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P, dd = ) 2+ ( p i d 2 ) 2 +( p n ) 2 = V3,85 2 +5,88 2 +2,2 2 = 7,36.T 

Pf = 7"7,28 2 +1,31 2 +(-2,62) 2 = 7,85.T, tuong tu duoc P 3 dd = 5,94.T 
Vec to tai trong dong d&t tac dung len h£. 


{ P cU,} = 


7,36 
7,85 i-T 
5,94 


§3. DAO D0NG CUA HE VO HAN BAC TIT DO CHIU TAC DUNG DONG DAT 


1. Xay dung phuong trinh vi phan dao dong he vo 
han bac tu do chju tac dung dong dat 

Cac he co khoi lirong phan bo lien tuc nhu cac cot 
cao, cac ong khoi... la he vo han bac tu do. Vdi he vo 
han bac tu do, chuydn vi toan phan cua khoi luong do 
klch dong cua nen hinh (5-5) la: 

(x,t) = (y(x,t) + f(x).y 0 |(t)) 

Trong do: f(x) la chuye’n vj cua he do chuyen vi cua 
ndn bang don vj gay ra. 

Luc quan tfnh cua khoi luong: ! 

q 4 (x,t) = -m(x)[y(x,t) + f(x)y { ,(t)] 

Tuong ung ta co phuong trinh vi phan dao ddng cua 
he vo han bac tu do chiu tac dung dong dat duoc viet d 
dang tuong tu nhu phuong trinh (3-2) va (5-11): 


Hinh 5.5 



dx 2 


EJ, 


d y(x,t) 
dx 2 


d‘y(x,t) dy(x,t) 

+ m v -;— + c - — = -m(x)f(x).y 0 (t) 




dt 


(5-26) 


Thanh phiin d ve phai cua (5-26) dong vai tro nhu tai trong dong phan bo tac dung len he. 


2. Phuong trinh dao dong he vo han bac tu do chiu tac dung dong dat 

Ap dung phuong phap khai triSn tai trong theo cac dang rieng de' tim nghiem cua 
phuong trinh (5-26). Tai trong khai trien theo cac dang rieng duoc xac dinh theo cong 
thuc (3-58) va trong trudng hop nay se ia: 




(x) = m x .Xi(x) 


f < ! x ,( x )q(x. l) d x 

j^m x X 2 (x)dx 


[' Xj(x)m(x)f(x)dx 

m x .X i (x)-^—y---— = m x .X i (x).p 1 (5-27) 

Jm x X 2 (x)dx 
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f X i (x)m(x)f(x)dx 

Trong do: m = —— -He so dang (vdi he vo han bac tu do) (5-28) 

[ m x Xf(x)dx 

Phirong trinh dao dong ling vdi dang chrnh thu i dupe viet phu hop vdi (3.60): 

q ; (x) 


• K ai (t) 


yi (x,t) = 

m 


Trong do: K ai (t) dupe ti'nh theo (5-14): K aj (t) = 


V,(t) 


co. 


Dua q,(x) va K ai (i) vao phirong trinh dao dong, ta dupe: 

V,(t) 


y j (x,t) = X j (x).p i 


10 : 


Gia tri ldn nhat: 


yr (x) = x,(x).Pi Svi(£i,Ti) = X i (x).^ i .S cli (s i ,T i ) 


CO; 


(5-29) 


(5-30) 


3. Xac djnh tai trong dong dat tac dung len he 

Luc phan bo tuong irng vdi trang thai dong ciia he vo han bac tu do irng vori dang 
chlnh thu i duoc viet tir tfch cua tai trong khai trien theo dang i va he so dong hoc thay 
doi theo thdi gian cung cua dang i: 

q l ].i(x,t) = q j (x).K i (t) 

Trong do: q,(x) duoc tinh theo (5-27), K t (t) duoc ti'nh theo c6ng thuc (5-19): 

K i (t) = ro j V i (t) 

Dua q,(x) va K ; (t) vao bieu thuc tren, ta dupe: 

q dl (x, t) = m x .X, (x).Pi .coj .V, (t) (5-31) 

Tai trong dong dat phan bo tac dung len he vo han bac tu do Ung vdi dang chinh thu i 
la gia tri ldn nhat cua (5-31): 

qf <J (x) = m x X j (x).p i co i S Vj (e i ,T i ) = m x X i (x)p j S ai (E i ,T i ) (5-32) 

Cung co the ti'nh luc phan bo tuemg ung vdi trang thai dong cua he vo han bac tir do 
ung vdi dang chinh thu i tu phirong trinh chuyen vi y ; (x, t) nhd quan he vi phan: 


q d ,(x.t) 



d 2 y,(x,0 

dx 2 


(5-33) 


Chuyen vi va noi luc toan phan cua he dupe xac dinh tren co so to hop chuyCn vi va 
noi lire cua cac dang dao dong rieng theo h' thuyet xac suat tuong tu nhu vdi he huu han 
bac tu do doi vdi cac diem tren he. 


202 



TAI LIEU THAM KHAO 


1. Pham Dinh Ba, Nguydn Van Hoi. Gido trinh dong hoc cong trinh. 1994. 

2. Pham Dinh Ba, Nguy6n Thanh Binh. Dong life hoc cong trinh. Ha Noi, 1995. 

3. Pham Dinh Ba. Bdi tap Dong life hoc cong trinh. Nha xuat ban Xay dung. Ha Noi, 2003. 

4. Phan Van Cue, Nguyen Le Ninh. Tinh toan vd edit tqo khang chan ede cong trinh 
nhieit tang. Nha xuat ban Khoa hoc va KT thuat. Ha Noi, 1994. 

5. Pham Khac Hung. Dong life hoc cong trinh. Dai hoc Bach Khoa. Ha Noi, 1966 

6. Pham Gia Loc. Cct sd dong dd't vd tin'll toan cong trinh chin tdi trong dong ddt. Nha 
xuat ban Xay dung, 1985. 

7. Nguydn Ngoc Quynh, H6 Thuan. (fng dung ma tran trong Id thuat. Nha xuat ban 
Khoa hoc va KT thuat, 1978. 

8. Leu Tho Trinh, Pham Khac Hung, Le Van Quy, Dao Trong Long. On dinh vd Dong 
life hoc cong trinh. Ha Noi, 1974. 

9. Nguyen Tai Trung, Nguyen Xuan Ngoc. On dinh vd Dong life hoc cong trinh. Nha 
xuat ban Xay dung, 1997. 

10. Nguydn Van Tinh. Cost)dao dong edng trinh. Nha xuat ban Xay dung, 1987. 

11. Nguyen Viet Trung, Nguyen Thanh Ha. Co so tinh toan can chin tdi trong ciia 
dong ddt. Nha xuat ban Giao thong Van tai, 2004. 

12. Rayw - Clough, Joseph Penzicn. Dynamics of structures. MeGraw - Hill, Inc, 1993. 

13. Robert L. Ketter, George C.Lee,... Structural analysis and design. MeGraw - Hill 
Book Company, 1979. 

14. Rayw. Cloygh. Joseph Penzien. Dynamics of Structures. McGRaw - Hill Book 
company, 1975. 

15. EaGaKOB M. M. Teopwi no:ie6auuii. Mockiui, 1968. 

16. BeTe K. Bhhcoh E. l Iuc:iemibie .vtemodbi anenma u MK3. MocKBa, 1982. 

17. Ee3y.\0B H.H., Jly>KHti O.B., KojtKynoB H.B. ycmoimuuocmb u dititaMUKii 
coopyjicenuii c npmtepax u 3adcmax. MocKBa, 1969. 

18. BnaepMaH. B.J1. Teopun MexanunecKitx KoaeOanuii. MocKBa. 1980. 

19. BimoKypoB Jl.H. CmpowM.’ibnax .\iexanUKCt cmepjicnecbtx cucme.u. Macrb 2 u 3. 
X., 1961. 


203 



20. /lap kob A.B. lUanoiuHHKOB H.H. Cmpoumejibnax xiexanuxa. MocKBa, 1986. 

21. KnccaeB. B.A. Cmpoumexebiiax .itexanuxa (Cneifuanbitbiii xypc. J.Juua.\iuxa u 
ycmommocmb coopyitcenuii). MocKBa, 1980. 

22. JlaHKacTep n. Teopux .uampu. MocKBa, 1978. 

23. MeflBeiieB. B.F. JJexifuu no dunaMUxe coopyjicenuii , 1974. 

24. flaHOBKo 51.M. Beedenue e meopio MexattmecKux xo.iedamiu. MocKba, 1980. 

25. IlonoB H.H. PacTopryeB B.C. flunaMunecxitii pacnem oicene3o6emonubix 
KOHcmpyxiiuu. MocKBa, 1974. 

26. HpoMHOCTb, ycTOHHHBOCTb, KOJieOaHHa. Tom 3. Tlod ped. H.A. Erne pa u 3I.fi. 
Ilonocxo. MocKBa, 1968. 

27. PaSHHOBHM H.M. CHHHUbiH A.n. TepeHHH E.M. Pacnem coopyjicenuii na 

deuamue KpamxoepeMeHbix u Menoeenitbix cwi *3.1. M. 1956, M.2. M. 1958. 

28. Pa6nHOBHH H.M. Chhhumh A.n. JlyjKHH O.B. Tepenuu E.M. Pacnem 

coopyjicenuii na UMny.’ibciiGiibie Gosdeucmoue. MocKBa, 1972. 

29. CaMapHH B.B OpaeHKO A.H. Mexauuxxa Goenuo-uiuicenepubix coopyjicenuii a 
npuxtepax u jaoanax. Macxb 3. MocKBa, 1960. 

30. Chhtko H.K. JJunamixa coopyjicenuii. MocKBa, 1960. 

31. C'MHpHOB A. O, LUanoiuHHKOB H. H... TpoumeJibnax .uexanuxa. JJunaMuxa u 
ycmoupmocmb coopyjicenuii. MocKBa. 1984. 

32. CnpaaoHuuK no duuauuxe coopyjicenuii. rio.a pea. EX. KopeHeBa n H.M. 

Pa6HHOBHHa. MocKBa, 1972. 

33. Cnpaoomtux no duiicnnixe coopyjicenuii. rio;i pe;i. EX. KopeHeBa m H.M. 

Pa6nHOBH4a. MocKBa, 1984. 

34. Hunauuxa coopyjicenuii. Ho^ pea EX. KopeueBa. Mockbu. 1971. 

35. CeitCMocmoiixoe cmpoume.’ibcmao 3danuii. ! Ion pej. H.JI. KopraiicKHH. Mockbb, 1971. 


204 



MUC LUC 

! 

Leri noi clan 3 

Mir dau 

§1. Nhiem vu co ban cua bai toan dong lire hoc cong trinh 5 

§2. Cac dac diem co ban cua bai toan dong lire hoc cong trinh 5 

§3. Cac dang tai trong dong tac dung len cong trinh 6 

§4. Phan loai dao dong 8 

§5. Bac tu do cua he dao dong 9 

§6. Cac phuong phap xay dung phirong trinh chuye’n dong 11 

Chuong 1. Dao dong cua he mot bac tur do 

§ 1. Xay dung phucrng trinh vi phan dao dong t6ng quat he m6t bac tu do 14 

§2. Dao dong tu do he 1 bac tu do khong xet den anh huong cua lire can 24 

§3. Dao dong tu do he 1 bac tu do co xet d6'n anh huong cua lire can 32 

§4. Dao dong cucrng hue he 1 bac tu do chiu tai trong di6u hoa 41 

$5. Dao dong cudng bde he 1 bac tudo chiu tac dung cua tai trong co chu ki 50 

§6. Dao dong cua he 1 bac tu do chiu tac dung cua xung tuc thoi 52 

§7. Dao dong cua he 1 bac tu do chiu tac dung cua tai trong ngin han 57 

§.8. Dao dong cua he 1 bac tudo chiu tac dung cua tai trong thay d6i theo 

then gian vdi quy luiit ba't ki 66 

Chtrong 2. Dao dong cua he co hffu han bac tu do 

§ 1. Khai niem ve ma tran cung va ma Iran mem 78 

§2. Xay dung phirong trinh vi phan dao dong he hfru han bac tu do theo 

phuong phap tTnh 80 

§3. Xay dung phuong trinh vi phan dao dong he huu han bac tir do tir 

nguyen li Haininton 82 

§4. Xac dinh tan so dao dong rieng he huu han bac tu do 86 

§5. Xac dinh dang dao dong rieng he huu han bac tu do 88 

§6. Tinh chat true giao cua cac dang dao dong rieng 97 

§7. Chuan hoa cac dang dao dong rieng 100 

§8. Dao dong tu do he huu han bac tu do 103 


205 



§9. Phuong phap lap nang luong xac dinh tin so va dang dao dong rieng 

he him han bac tu do 107 

§ 10. Dao dong cua he huru han bac tu do chiu tac dung xung 114 

§11. Tinh dao dong cirong buc he huru han bac tu do theo phuong phap 

khai trien tai trong theo cac dang l ieng 118 

§12. Tinh dao dong cudng burc he huu han bac tu do theo phuong phap 

toa do tcing quit 125 

§ 13. Phuong phap khai trien tai trong theo cac dang dao dong rieng tinh he 

chiu tai trong dieu hoa 132 

§14. Luc tuong ting v6i trang thai dong va ma tran mem dong hoc t6ng 

quit cua he huru han bac tu do chiu tai trong dong bat kl 134 

§ 15. Dao dong cuong buc he huu han bac tu do co xet den anh hudng cua lire can 138 
§ 16. Cac phuong phap tich phan true ticp 143 

Chuong 3. Dao dong cua he co vo han bac tir do 

§ 1. Xay dung phuong trinh vi phan dao dong tong quat he \ 6 han bac tir do 154 

§2. Dao dong tu do cua thanh thAng 155 

§3. Dao dong tu do cua thanh thing co khoi luong phan bo deu va tiet dien 

khong ddi 161 

§4. Dao dong cua he vo han bac tir do chiu tac dung xung 166 

§5. Dao dong cudng buc cua he vo han bac tu do chiu tai trong dong bat ki 170 

Chirang 4. Dao dong dan deo he mot bac tu do 

§I.Khainiem 178 

§2. Dao dong phi tuyen cua he co luc dan hoi bat ki 179 

§3. Dao dong cua he dan deo li luong 183 

§4. Dao dong cua he curng deo 187 

§5. Tinh dao dong phi tuyen theo phuong phap tich phin true ticp 189 

Chuong 5. Tinh cong trinh chiu tac dung dong dat 

§ 1. Dao d6ng cua he mot bac tu do chiu lac dung dong dat 193 

§2. Dao dong cua he huru han bac tu do chiu lac dung dong dat 195 

§3. Dao dong cua he vo han bac tu do chiu tac dung dong dat 201 

Tai lieu tham khao 203 


206 



D0NG Ll/C HOC CONG TRINH 

Chin track nhiem xnat ban : 

BUI HUU HANH 


Bien tap : TA HA I PHONG 

Che ban : PHAM HONG LE 

Sira ban in : TA HAI PHONG 

PHAM DINH BA 
VU BINH MINH 


Bin : 



In 1000 cuon kho 19 x 27cm. tai Xifong in Nha xuat ban Xay dung. Giay chap nhan dang ky ke 
hoach xual ban so 120/XB/QLXI3-35, ngay 01-02-2005. In xong nop liru chicu (hang 12-2005. 



